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ABSTRACT 

An electromagnetic wave is modulated for the purpose of transmission of signals by amplitude, 
frequency or phase modulating methods. It is well known that when a carrier wave is modulated, 
it^ves rise to several side-bands depending on the methods of modulation. The number of side-bands, 
however depends on the nature of the modulating wave also. The present paper is concerned with 

the mathematical study of the effect of modulating a carrier wave with damped sinusoidal modulating 

wave for amplitude and frequency modulations and with non-periodic variation for phase modulation. 

introduction 

It is well known that an electromagnetic wave can be modulated for the 
purpose of transmission of signals either by amplitude, frequency or phase 
modulation. It is further known that when a carrier wave is modulated, it gives 
rise to a number of sidebands depending on the method of moduiation. The effect 
of modulation, however, has generally been studied for sinusoidal modulating 
wave. There arc several occasions when a carrier wave is modulated with 
non-sinusoidai waves or non-periodic variations. It is the purpose of this paper to 
show theoretically the effect of modulating a carrier wave with damped sinusoidal 
modulating wave and also with non-periodic variations in the case of phase 
modulations. 

1. amplitude modulation 

An amplitude-modulated sinusoidal carrier with a sinusoidal modulating 
wave can be written^ as a function of time in the form 

M (0 “ Ac (l+jSo cos Or 0 COS (o>c' + (1) 
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This gives rise to two side bands with the carrier wave. 

The expression for the modulated carrier with a damped sinusoidal modula- 
ting wave can, therefore, be written as 
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It will be observed from expression (3) that, unlike the modulated wave 
given in expression (1), this modulated wave consists of the original modulated 
wave and a large number of side bands depending on the duration of the 
modulating wave. 

As a check it may be seen that expression (3) reduces to (1 ) when a *= o. 

II, Frequency modulation: 

The expression for the frequency modulated wave^’^ with sinusoidal modu- 
lation is given by 

M {t) = Ac cos ^ cos oyi ^ . ... (4) 
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The expression for the frequency modulated wave with a damped sinusoidal 
modulating wave may be written as 

M (0 =Ac cos (^c ~ ^ cos COT 0> where ^ s ^ = modulation index 

OJy 

.. (6) 


= Ac cos feue CCS a> t), whcrC |01 = ^ g 


Jn (Pj) cos [ K+n «^r) < + 1 

11 = — 00 ^ 
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Now Jo (^i) = Jn ($e = F (0. say. 

It may be noted that when either a=o or «=o, = ^, i. e, = ^, 
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Again* Jo' (jS) = Jn-i In (^), 

and 4 Jo" (i8) = - I Jo' f/3) - 4 ( 1 - Jo (/?). from Bessel equation 
= - •[ -n Jn (;8) + ^ Jo_i I -4 ^ I- ^5 ^ Jo (^) 

= - Jn-X (^) + O) -'t Jn m 
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Jo -1 (/3) + { Jo-1 m + Jo+i (/3) ]■ - 4 J, (^) 

= 2_^) + 2_0^_1)_ . 4 J 


= { Jo., (i8) + J. (i8) } + ( Jo (^) + Jo+s (J5) } -4 J„ (^) 

- Jn-, ()S) -2 Jn(/S) + Jo+a W. 

Substituting for Jn' (jS) and Ja" (fi), we get 

+f'(jc-a(i8) -2Jo(^)+Jn«(;8)| j 
Thui J„ (^i) « Ja ( iS ) = J„ (^) - / |a^.Ja' (^) J 

+ {jo'(^) + /3Jo"(^)} j + ... 


»Jn(^)-«ie< [jn-i(i8)-|-Ja(/3)} 

+ «»i3. [ Jo -1 (iS) - 1- Ja (i8) I + I }ja_a (i3)-2 Ja f^) + Ja+* (i8) } 


Substituting the value of Ja (jSi) in (6a), we get 
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If the modulation is for a short duration, as is generally found in the case of 
noise and other disturbances, the terms containing and higher powers of t may 
be neglected, and thus expression (8) reduces to 

n=co if nrl 

M (0 » Ac S [ (1+n Jo W) Jo -1 iP) ] cos \ (<»e+R ot) ^ f 

It is interesting to consider the case when !. Thus the amplitude of the 
modulated wave and its side-bands turns out to be 


Jo-1 O) 
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(i+aOJi {/3). 

It may be mentioned that this expression may be very small for certain ^ values 
of p. When a is very large such that ai approximates to 1, we may write the 
above expression as 

2Ji (i3)- iSJof^)i=o -(10) 

From the table^ of Bessel functions, we get — 8*417 approximately* 

When «=: — 1, the corresponding expression is 

(1— ai) f/3) — opt (P) 

= (l-«0 J, (iS) -- apt Ja (P). 

With the same conditions mentioned above, we get 


P Is ^ 

* rt 

or ^ ^ +Ja-1 (^) “ ^ J* ^)' 

or 2 Ji 03) — ^ Jo (/3) J=5 o, which is the same as equation (10) 

Thus it will be seen that, for the modulation index of the order of 8‘417, 
the side-bands, for b= ± 1, almost vanish. 

It will be worth-while if we mention that for a general 

of the side-bands from expression (7) can be written as Jo (^) Jo (^) 

approximately. 
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If this is taken as very small, we get an approximate equation 
Jn (|8) - apt J„' iP] ^ o. 


(in 


or at log I Jn (^) I ~ log {kp), 


or 


I Jn (i®) } ^ where k is an arbitary constant. 
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We might as well use the recurrence formula of Bessel functions in solving 
the approximate equation (1 1). 


IIL Phase Modulation: 

In the case of phase modulation the expression®’*^ for the phase modulated 
wave with sinusoidal variation is given by 

M (i) = Aq cos (a?c ^+<^7 cos /) ... (13) 
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If however, it is modulated by damped sinusoidal variation, we get the same 
result as obtained in the case of frequency modulation given in expression (6). 
Therefore, we shall find the expression of the phase modulated carrier when the 
phase changes non-sinusoidally with a decaying component. Thus in this 
particular case, we may write the expression for the phase modulated wave as 


at 
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It will be observed from expression (16), that in the case of such modulation, 
when the duration of modulation is short, and we retain terms upto we get the 
expression for the modulated wave as 
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Thus it will be seen that there will be less number of side-bands compared 
to the side-bands given in expression (14). 


SUMMARY OF RESULTS 

L Amplitude Modulation*, 

If we look to the results as given in expression (S\ it will be found that, 
for modulation with damped sinusoidal wave, in addition to the original 
wave there is a large number of side-bands depending on the duration 
of the modulating wave. 


//. Frequency Modulation: 

The remarkable feature of such modulation, for short duration, with damped 
sinusoidal wave is that, for the modulation index of the order of 8*4 1 7, the 
sidebands corresponding to n = rfc I almost vanish when at ^ I* The 
method has been indicated for Ending the condition when the amplitude 
of side bands may vanish in the general case. 

IIL Phase Modulation: 

In case of phase changing non-sinuso -daily with a decaying component, 
the expression for the phase modulated wave, with terms upto t-, has been 
obtained and it has been shown that compared to the case of phase modula- 
ted wave with sinusoidal variation, there will be much less number of 
sidebands for such modulation. 
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ABSTRACT 

In this paper we have proved two theorems on well-known Laplace transform and a few iotegralf 
have been evSuated with the application of those theorems. Some of the results given earlier by 
Saxena (1961) follow as their particular cases. 

INTRODUCTION 

A function ^ {p) defined by 

CO 

<l>{p)^p j h\t)dt (1) 

o 

is called Laplace transform of h (f). which is called its original. Throughout this 
note (1) shall be represented symbolically as 

<^>.(^) = h (0 (2) 

The object of this paper is to prove two theorems on Laplace transform and 
to evaluate some infinite integrals by making use of those theorems. The results 
obtained are quite general and include as particular cases, certain theorems given 
earlier by Saxena, bharma and others. 

2 . Theorem l.t If ^ (/) == ^ (0 
and (P) = 

CO 

then ^(p) ^ 2^’^p f r ^ (i+P)" ^ 

o 

X S, x+J, A.; (3) 

provided that the integral is convergent and the Laplace transforms of | A (^) | 
and 1 ^ L j A (t) ] exist, 1 arg^ | < r, 6 >0. 

* Present address : Department of Mathematics, University of Jodhpur, Jodhpur, 
tA similar theorem was also proved by Saxena, R, K. 
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Ptoo/i— Since h {t) 
therefore 


^ (0 = ^ (P+‘*) 


(^i 


by virtue of a well known property. 

Also from [Erdelyi, 1954fl p. 282 (32) ] 

^1+2X K, 2^^ r >-2' S. ( '-jd, X H, X, ) (5, 

where R (2a±v) < 0, 6 > 0, 

Using and (5) in the Parseval Goldstein theorem 11932, p. 1051 of thp Oner, 
tionai Calculus, which states that if U ^ • P- ^^^1 oi the Opera- 


(P) == (0 and (/») = Ajj (r), 
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we get 

03 


/ - (1 ) . V-, 2 X J ,-2x-l 

^ — -> X+i> ^ j ^ 

Multiplying both sides by a and changing a to p, we arrive at the result stated. 

Cor. 1. On taking we get a theorem recently given by me 119641 
We shall now use the theorem to evaluate two infinite integral! ^ ’ 

Example I. Taking [Saxena, 1960 p. 402 (11)] 

K,(t) 

^ jr^ ‘1 - { iii' 14- ^ ^ \ 

^v'lr \ p J \,2’^2’2’ 2”’'4"/ 

= ^{P) 

where R (/i) > 0 and R (A) > 0, 
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therefore 



22\4-P - ^ ^60 62^2 I ^ 

^ /X+c 26 V 4 ! ^ (2. 1+P+2X), ± ( ), = ( '^" ) 2 

= 'I'(P) 

where R (;?) > 0 and R (fi) > 0. 


Using these values of ^ (p) and ^ (p) in (3), it is found that 

J ,-2^-1 X+i,X;‘i) 
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dt 


b ^60fbY-\ A(2;o) 1, 

4^1+P+2X 26 V 4 ; ^ (2; 1+p4-2a), ± ( ^ ), ± ( ^ ^ 

where | arg/) j <7r, 6>0 and R (2A±’') < 

Particular case:-^ If we take M = |, we get a result recently obtained by 
Saxena [1961, p. 55 (60)]. 

Example IL Next taking [Erdelyi, 1954^ p. 142] 




v'tt I) 
^ ^ (p) 


( T’ 


r”*’ 2 ’ 4 


) 


where 6>0, R ( p ) >-1, R (j^) > 0. 
Also [Saxena, 1960 p. 402 (11)] 


P ^ k ,(^) x <„ = P ^+- 6 / 2k41 ) j .(‘-) 

^ 22p+‘^X-^/^ 70 f b^\ \ 

■ 2,2 p'2\+P~3l2 08 V 47 : ^ ( 4 . 2x+P-i), ^ ^ i, - ~ ' 

= vJ'C?) 

where I arg 6® | < ~ and R (p) > 0. 
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Applying (3) to the above correspondences, we obtain 




^2^k+P-6 

„a p'2\ 08 4— 


A (4; 2\ + p-|), 0 , - A 


.-J 


where j arg/> \ < r, 4>0 and R (2x±v) > 0. 

Particular case:^ On taking P = J, we get 

CO 

r <~2x-i g / V — 1 — v_i . hi \ / \ 

i ' V 2 ’ 'T" ’ T~ ) (. '^'26 (i>+o j 

■^1/ ^ V24 ^ 


2 ^^“^ p70 / 4y 

,5/2 ,2X ^08 V ^ 7 - 


I arg /> j <57, 4>0 and R (2\±v) < 0, 
Theorem il. If <4 (/>) = A (t) 


A (4; 2x), 0, - L 


and (p) == / - 1 K 


( V ) * w. 


ifr iP) = 


u? 

/ (/'+0' 


X s, f A. ■•' . i>(p+t) \ , 

‘V 2 ’ 2 T’ " 2 ( 11 ) 

provided that the integral is convergent an4 tu t 1 

vergent and the Laplace transforms of | A (/) | 


»nd 1/ 'k (t).^(0 


exist, I arg A I <7r, R (4 ) > q. 
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Proof -. — From [Saxena, 1950 p. 402(1!)] 
-at rr / b \ . p. 1 


^ \ ^ J V TT^ 


" 2 


(p+a) 

^..ci / l+j& 1_1. P V _ V . b{p^a) \ 

^ 2 ’ 2~’ T" 4 } 

where R kP^cl) > 0 and R (b) > 0, 
on using a well known property. 

Apply (6) to (iO) and (12), we obtain 


P *4“ I r O 


X s,(‘«.l+ -);±(i±H )*Wi< 

Multiplying both sides by a and changing a to j), we get tne result stated. 
Cor, i. On taking v*=4> ^ result given by [Sharma, 1962] 

Now we shall use the theorem to evaluate an infinite integral. 

Example L Taking [Erdelyi, 1954a p, 279] 

. jX+.'-l 


' 2!'- T (/i+i) r (M + X) 

^h{t) 

where R (X + M) > 0 

Ako [Saxena, 1960 p. 402 (1 1)J 


oF3(^+1.-2 




16 


)v(‘, ) 


pP->^ ^6 V 4 (2; 1 + P-X), i (''“»')» i 

= ^ (P) 

where 1 arg i [ <*, R (p— X) > 0 and R (p) > 0. 

C 125 ] 



Using the above values of (t) and ^ (p) in (1 1), we obtain 


o 


r ff+i) r (/^-hx) 2 

*j 7 t p^+P-X 


P ^\-2 


p42 ( bY- ^ 

^26 V ” 


A (2; 0 ^ 

A (2; 1 + p-x), i(^±v), 

(13) 


where | arg p\ <7r, fc>0 and R (X+/^) > 0. 

Tn particular, if we take v = -|, in (13), we get a result recently given by fSaxena, 
1961 p, 54 (57)]. 
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SUMMARY 

In the present paper, I have discussed the temperature dislribution for the 
viscous incompressible flow through the round iuminar jet, on the assumption that 
f = 7 r^f ( 0 ) and T =:r^g ( 0 )» For m = —1, it has been shown that the expression 
for the temperature distribution becomes similar to the equation of Squire (rcL 2). 
As assumed in ref. 2, I have neglected the dissipation term due to friction as a 
small quantity. The expression for the temperature distribution has been calcu- 
lated when ?n s= — 4, and the solution is obstained in series. 

INTRODUCTION 

An exact solution of the Navier-Stokes equations for the viscous incompres- 
sible flow in axially — symmetric motion was discussed by Squire (2). The effect 
of a source of heat at the point of application of the force has also been considered 
by him. A special form of stream function ^ — v r f {6) and temperature distribu- 
tion T ^ i.^) was assumed by Squire. Schlichting (ref. 1, section 57) studied 

this type of flow using the approximations of the boundary-layer theory. Agarwal 
(3) made calculations for the stream function for such flow on the assumption that 
= 7 and it was shown by him that n = 4 admits an exact solution. 

However he did not touch the discussion for the temperature distribution. In this 
paper, I have studied the distribution of temperature for the laminar viscous 
incompressible flow through the round jet. 


SOLUTION OF THE PROBLEM 

The equation giving temperature (ref. 4, pp. 72-73) for the steady laminar 
viscous incompressible flow is 

Or ST = jL r L W 1 _3_ 

“br ~ T bB L r® \ 3r y ■ r® Sm 9 b) 


(Sin ®1)] + ^ 


where ^ is the dissipation function (ref. 4, equs, 2.43 Sc 2.44) and is deflned by 

<?- = 2 ( ^ 2 ^ + 3 
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The symbols used are 


rr 


dr 


L I Jr 

06 r d9 r 

i__ ^ , i£_ , q e Cot 0 

^ r Sin ^ 0<^> ‘ r r 


‘b^ 


Sin 6 d / q4> \ , 1 

r 0c^ V Sm e ) r Sin 0 3<^ 


V 


_0_ 

3>- 


='-(f )+^ 


For the present problem, we take 
^5 = V r^fi0) 


dd ‘ 'pr T Sin 9 dP 


W , d 

dr 


Therefore 




1 , dP 


fa-2 

Sin 6 ^ ^ Sin 0 

Vn r ^'2 




1 




f Sin e 0r bin ^ 
= 0 


/(^) 




Substituting ~ Cos e, we get 
Sin 6 c=s V(l — 


( ,1 y 


( 2 ) 


(3) 


(4) 


Sin e ci9 


dH 


From equations (2) and (4), we get after simplification. 


fBpfiia—i] 

Sin 20 


[ n® ( na - 6n + 4 Cota 9 + 9 ) fa _ ( 2na Cot 0 +6n Cot f?)//' 


+ (2na_ lOn+Gota^ + 12) /'a-2ri (n - 3) //"+/"»-2 Got /'/" ] ... (5) 
I 12 § I 



Equations of set (4) are replaced by 


— ir r 


= — V/2 


•n-2 J, 

rn-2 /(/X) 


-J 1 - yA 


( 6 ) 


^<p =: 0 


For the temperature distribution in the present problem, wc assume that 
T = f^g{e) 

Squire (ref. 2, equ. 14) has taken m = — 1 in equation (7). 

From above substitutions, we get from equation (1). 

rm+n-3 [-mj’g + nfg'] = k f”-2 [ m (m + 1) g + { g' (1 } ] ■ 

where ^ is given by equation (5) ; / and g arc functions of f*. 

We have assumed that 

k 


(7) 




K = 


vpev 


= constant 


In the viscous flow, we know that v is very small. In equ. (5), 4> is multi- 
plied by V®. Thus in an approximate calculation, wc may neglect in equation 
(8), in comparison with rest of the terms. 

If is neglected in equation (8), then it is easily solved for n = 1. 

If m = — 1, we have result of ref, 2 which has been discussed by Prof. Squire, 
For n = 1, it has been shown in ref. 2, equ. (11), that 


J ^ 1 __ It 


2 Sin® ff 


1 _ y. a+ 1 - Cos 0 
where a is an arbitrasy constant of integration. 

If m jss — 1, then equation (8) gives at n = 1 

^+/.W-jL+/.Ws-0 

. . 2p- 2 

where h 


... (9) 


/a (/*) = m (m+1) + ^ 


\tn 


1 4 - 2ft (14- a) 

(a -f 1 — H) 2 
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Equation (9) can be solved by substitution 

g (f*) = w O’-) V (/^) 


where 

a) {/x) = Exp. I - ~jf, (Z^) di>- I 
_ 1 

= ( l_/i2) 2 ( ^ ^ 1 ) KT, 


d^v 


Iv = 0 


(H) 


and 


= m(m+ 1)+ -J 1-:^ +2m{l+/*2-2/‘(l+a)} + -^] 

2/* 

K {[-I’-'’) {a 

The form of I shows that equation (il)xannot be solved in an closed form for 
0 (i^). Hence exact solution for g (^) from equ, 9 cannot be derived and the 
possible value of wj for an exact solution is - 1, 

For n 9 ^ \y when we substitute for and from equation (4) into equ- 

ations of motion (ref, 4, pages 72), we get complicated equation (ref. 3, equ. 5) viz. 

[ - 2a* (n-1 Cot 0 . /a + n {?n-3 + 3 Got* (?}//'- 3« Got0 
+ („_ 4 ) Cot 0 y - (n-4)/ j" + «//' ] 

=Sia e[ti [n-l) (n-2) (a-3) /- (2n2-6n +9 + 3 Got* d) Got 0./' + 
(2*a _ 6n + 8 + 3 Got* $) J" - 2 Got 0 /"' + ] 

where /is a function of 9 alone. 

For n = 4, the solution as found in ref, 3, is 

f {0) = Sina 0 [4- + B P 3 ' W + G (i*' (/*) ] 
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where . 0,3^ are the derivatives of the Legendre functions P3 and 
. A, B and G are certain constants. 

From equation (8), for n = 4, taking = 0, was have 
f3 [-fn/'^+4/g']-ir [m (m + l)g + ^ 

where / (/^), is to be substituted from equ. (13). 

After making substitutions, we find that in this case g (/*) satisfies an equation 
similar to (11) with /x (/^) and /jj as functions of Legendre co-efficients. In 

this case there are complications and exact solution cannot be obtained. 

However if m = — 4, at n = 4, equation (14) is reduced to 

" 4 - + - 05 ) 

Taking a particular case for / (/*), in equation (13), when G = 0, — 15, 

wc get (ref, 3), 

where fc is a constant. This represents a motion with plane boundary. The stream 
lines are rectangular hyperbolas. Employing (15) and (16), after a few steps of 
simplifications, we have 

-0-[ G' 2/^ ] 12-2 0^(1-2^3) ]g=, 0 ... (17) 


where G' is a certain constant. 

Equation (17) can be solved in series by selecting g {p) = m*’ [Qo + fix ^ 
4* + <i^P^ + • . . ] (18) 

Substituting (18) into (17), we get for the co-efficients of p^ 


1. Ur 


0 , ^2 — 




<^0 (1 + 2 O') 
12 


a. = a„ 


Thv« 


g (M) = a„ [ M ^ + . . . ] ... (19) 
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From (16), we see that 


TT 

« = at 6 ^ which represents motion with plane boundary. 

From (19), we see that ^ (0} == 0 on the plane boundary. So for such particular 
choice of n, m and we see that the plane boundary should deliberately be main- 
tained at constant zero temperature. 
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FINITE BENDING OF PLATES IV 


Bj 

BHIMSAIN RAOanJ G. LAKSHMINaRAY^XA 
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[Received oa 9th November, 1954] 

ABSTSRAGT 

The method developed in parts I, II, and III has been applied to the problem of bending of a 
circular plate into a paraboloidal shell It is shown that the deformation can be maintained by 
applying a force and a couple to the edge of the shell only. 

1. INTRODUCTION 

In parts I, 11 and III [L3] we considered the problems of isotropic compres- 
sible rectangular and circular blocks bent into elliptic and spherical shells respecti- 
vely, One of the authors [4j considered the case of a circular plate bent into 
an ellipsoidal shell. In this paper the method has been extended to the problem 
of a bending of a circular plate into a paraboloidal shell. As in part III {3J the 
strain tensor has been calculated directly from the metric tensors of the strained 
and unstrained states of the body without any reference to the displacements. 
We use Seth’s stress-strain relations [5] 

ojj = X I 8ij -j" 2/^ (^*1) 

2. NOTATION AND FORMULAE 

Following the notation of Green and Zerma [6] let xi be the initial, j?i the 
final and 6i the curvilinear coordinates of the strained body, so that 

Xi = Xi yi = yi (fiii 6^) (2*1) 

The metric tensors gvj and Gij for the coordinate system in the unstrained 
and states respectively are given by 


IK 




c Cl.. — 8-1™ o 

d9i ” “ Wv 'm 


Si) — “ ort.: 

Then the state of strain is measured by the symmetric covariant strain tensor 


2vij = G,j 


Si) (2-3) 

IfT‘1 is the contravariant stress tensor, refered to 6-, coordinates in the 
strained state of the body, the stress strain relations (I'l) can be written as 


T'i = Gil G-^' ^ 7„ 


(2-4) 


where is poisson’^s ratio, so 


that 


2P-V 

1-25? 


= X. 


The equations of equilibrium in the absence of body forces arc 

ru j i « O 
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(2*5) 



where the vertical line denotes covariant partial differentiation with rcstiect 
to Oi in the strained body. " 

When the curvilinear coordinates Oi are orthogonal the physical componeats 
of stress era and strain tij are given by 

^ij = v^Gii 6'jj <5ij = s/ Qn QH y,*j 

3. BENDING OF A CIRCULAR PLATE INTO A PARABOLOIDAL SHELL 

Let the circular plate Jn the undeformed state be bounded by the planes 
and the cylinder + X 2 ^ = It is then bent symmetri- 
cally about ^3 axis into a part of a paraboloidal shell, whose inner and outer 
boundaries are the paraboloids of revolution obtained by revolving the confocai 
parabolas, 

^3 « i - Si, i - 1,2. (3‘1) 

about the AT j axis respectively and the edge ^ = or. Let ji axes coincide with 
the xi axes and the curvilinear coordinates Oi in the deformed state be a system 
of orthogonal curvilinear coordinates (g, <p) where 9 is the angle between 

Ja "plane and the plane through a point in space and y-s 
Then 

y^ ^ cos 9, == sin 9,ys ^ (3*2) 

Since the deformation is symmetric about the x^ axis, we assume [1] 


^3 =f(.0, {X + 4 = P (’?). t ~ = 


^ + X.2 r = F (rj), t an-1 

1 Xi 

then #1 = F (i?) cos p, *, = F (»?) sin f, Xq = f (0 
From (2‘2), (2’3), (3’2) and (3 4) we get 


gii = 

o o ■ 
0 F' * o 

, Gij — 

r 424.^2 0 0 1 

0 C'+’ja 0 

27ij = 

_o 0 F- _ 

- 

0 

0 

0 

0 

22,,2J 

o 

1 

1 

F2 0 



o 

0 

^2ry2-F2 



where • 

dl dv 

From (3*5), ,3‘6), (2'4) and (2 6) the non-vanishing stresses are given by 
2cr,i = 2 CC^+t? 2) rw = X ( 




+ 2/" ( 

1- ) 





F2 

) +2f^ 

/ P'" 

£2 +v,2 


\ ^24.^2 


(3’3) 

(3'4) 

(3-5) 

(3-6) 


2*^3* = ^ X 3- 




F^ 




(3-7) 


• 8 ) 


(3-9) 
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From (3-7), (S'S). (3-9) and (2-5) the equations of equilibrium to be satisfied are 
T 




£ 

.Srii-T^a, _ 

-j-ss ^ rv 



V 

(Sjas-Jii) _ 

vC^ rn ~ n 




dv ’? 

®JZ®=o 

dP 

Equation (3-12) is identically satisfied, since is independent of 9. 
Substituting (3-7) to (3-9) in (3-10) and (3-11) we get 

x+2. j Cl + Ji- /'» - (q ^ 

(?) 


(3-10) 

( 3 - 11 ) 

( 3 - 12 ) 


t313) 


X+2/" 

2 {\+i^) dv X4-t‘ 


F' 


(3*14) 


(1-15) 


^ 

(x+f^) 

These equations admit a solution [4] only for small values of >J and 

F = A-q 

equal to the ratio fa radians is a small quantity. 

Str“/d\not imply tA deformation to be .mall. It only moam that 
the region of validity of the solution is limited. 

Substituting (3-15) in (3-14) and neglecting the terms containing . we get 

2X 


df^ _ 


/a _ 4 (X+ 1 
5:+2)^”r " (?^+2'‘) S 


(3*16) 


the other equation being satisfied identically. 
Solving (3‘16} we get 


.2-2® 


2-e 




//a =. B 

where 5 is an arbitrary constant, and « = 2/‘/(X+2f‘). 

Substituting (3-15) and (3-17) in (3-7) to (3-9) we get 


(3-17) 

(3-18) 



^23 = ^*33 


3-2c~ (I -c) 


u. 

If the plate is bent by applying forces to the edge only, we should have 
= o when t i = 1, 2. 

which on substitution from (3' 19) reduce to 

~7^c -| 2 r + 7 IT = 3-2«, z 1 . 2 (3-22) 

Solving (3'22) we get 

jp. ^ 

B = (3- 2c) UV-g,^) / 

The distributions of the tractions on the edge between f and v-^-df give 
rise to a force P and a couple of moment M given by 

^ ' <^22 C" ^C. 2M = a J (3-23) 

Cl 

which on substitution from (3-29) reduce to 


= “ [ (3-2 

[( 3 - 


(3-2.)«»!=Eji 


2 c P 3—2(5 

(l-c)5i3 — 

3 — 2c 


2M -at 1^ (3-2f) _ (i_e) B ^ " (3-25) 

oaraboloi^alshel? acouple of moment M to keep the plate bent into a 

paraboloidal shell whose inner and outer boundaries are free from tractions. 
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PHYSICO-CHEMICAL PROPERTIES OF MILK : PART III 
COAGULATION OF MILK WITH MIXTURES 
OF ELECTROLYTES 


By 

SUDHISH GHaNDRA and A. G. GHATTERJl* 

Chmhtry Deparlmenf, Lncknow University, Lucknow 
[Received on 5th September, i964-J 
ABSTRACT 

Coagulation of milk with different pairs of electrolytes was studied. It was found that milk 
shows the phenomenon of ionic antagonism when coagulated by mixtures of electrolytes. Both pc^itivc 
as well as negative ionic antagonisms were met with. The cations which are the coagulating ions 
for the negatively charged milk sol plays the important role in producing ionic antagonism. 

INTRODUCTION 

It has been observed by different workers (1) that coagulating powers of ions 
in mixtures of electrolytes on colloidal solutions are not always additive. The 
total amount of coagulatiag ions in the case of electrolytic mixture may be greater 
or less than the algebric sum of the individual ion taken singly. The phenomenon 
is known as ionic antagonism. In a previous publication (2) the coagulation of 
milk with different electrolytes was described. It would be interesting to find 
out if milk also shows ionic antagonism. 

EXPERIMENTAL 

Milk was collected in the same way as described in the previous paper 
(/oc, cit,) and the experiments were carried out with 50% milk diluted with 
distilled water. First the coagulation concentrations were determined with 
different electrolytes at 20°G. Thereafter in each one of any set of tesWubes was 
placed a certain amount of the solution of one electrolyte, the amount representing 
a particular percentage of the coagulation concentration of that electrolyte. To 
this was added the other electrolyte in an increasing order of concentration. The 
total volume was then made up to 5 ml. with distilled water in each test-tube. This 
set of test-tubes was placed together with another set containing 5 ml. of 50% milk 
in each test-tube in an air thermostat set at 20^G, When this temperature had been 
attained by the test-tubes the coagulation concentration of the second electrolyte 
was determined as described in a previous paper (lac, cU,), This gave the 
coagulation concentration of the second electrolyte in the presence of the 

particular percentage of the first electrolyte. 


*Jf^resent Address: ViceUhancellor, University of Gorakhpur, Gorakhpur. 
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Experiments were performed with the foil jwing mixtures: 


K 

Cu (N 03 )a + HNO 3 

7 . Zn (N 03)3 + A1 (N 03)3 

2. 

Cu (NO 3 ), + HaSO, 

8 . Zn SO 4 + H 2 SO 4 

3. 

Cu (N 03 )a A1 (N 03)3 

9. Zn SO,i + HNO 3 

4. 

A1 (N 03)3 + HNO 3 

10. Zn (N 03 )a + HNO 3 

5, 

A1 (N03)3 + HaSOi 

11 . Zn (M 03 )a + Fe (N 03 ) 3 . 

6 , 

Zn SO, + A1 (N 03)3 



The average composition of the milk used for these studies was: 


Fat contents 

5*3% 


Total solids 

14*1% 


Non fatty solids 

8 * 8 % 


RESULTS AND DISCUSSION 
TABLE I 

Coagulation with Cu (NOs)^ + HNO 3 mixture 

Vol. of 50% diluted milk 5 ml. Time 1 hour 

Total vol. 10 ml. Temp. 20^0 

Coag. cone, of copper nitrate 5*5 m. M./L 
Goag. cone, of nitric acid 1 1*6 m. M./l. 


Gu (N 03)2 as %age 
of coag. cone. 

Gone, of HNO 3 in m. M./l. 

Percentage 

antagonism 

Ohs. 

Calc. 

Difference 

14*5 

10*40 

9*92 

0*48 

4*84 

29*0 

9*40 

8*24 

1*16 

14*08 

43*5 

8*75 

6*55 

2-20 

33*58 

58-0 

7*50 

4*87 

2*63 

54*00 

72'5 

4*10 

3 19 

0*91 

28*53 

87*0 

1*65 

1*51 

0*14 

9*27 


[ ‘38 I 


TABLE II 


Coagulation with Gu {^0^)2 + H^SO^ mixture 
Vol. of 50 diluted milk 5 mi. Time 1 hour 

Total vol. 10 ml. Temp. 20^G. 

Goag. cone, of copper nitrate 5*5 m. M./i. 

Goag. cone, of sulphuric acid 6*0 m. M./l. 


Gu (NOg)^ as % age 
of coag. cone. 


Gone of H^SO^ in m. 

M./l. 

Percentage 

antagonism 


Obs. 

Calc. 

Difference 

14-5 

5-65 

5-13 

0-52 

10-14 

29-0 

5-05 

4-26 

0'79 

18-54 

43-5 

4-65 

3-39 

1-26 

37-17 

58-0 

4-05 

2-52 

1-53 

60-71 

72-5 

2-40 

T65 

0-75 

45-45 

87-0 

0-85 

0-78 

0-07 

8'97 



TABLE in 



Coagulation of milk with Cu(N 03)2 + A 1 (N 03)3 mixture 


Vol. of 50 % diluted milk 5 ml. 

Time I 

hour 

Total vol. 


10 ml. 

Temp. 20°G 


Coag. cone, of copper nitrate 5’5 m. M./l* 


Goag. cone. 

of aluminium nitrate 4*6 m. M./l. 


Cu (NOgla as %age 
of coag. cone. 


Cone, of A1 (NOa)^ in 

m. M./l. 

Percentage 

antagonism 

Obs. 

Gale. 

Difference 


14-5 

4-35 

3-93 

0-42 

10-70 

29-0 

3-95 

3-27 

0*68 

20-83 

43-5 

3-45 

2-60 

0*85 

32-70 

58-0 

2-35 

1-93 

0-42 

21-75 

72-5 

1-34 

1-26 

0-08 

6*35 

87-0 

0*62 

0 60 

0-02 

3-33 
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TABLE IV 

Coagulation of milk with A1 (N03)3 -f- HNO3 mixture 
VoT of 50% diluted milk 5 ml. Time 1 hour 

Total vol. 10 ml. Temp. 20°G. 

Coag. cone, of aluminium nitrate 4‘6 in. M./l. 


Coag. cone, of nitric acid 1T6 m. M./l. 


M (NOs)* as 
of coag. cone 

% age 

Gone, of HNO3 

in m. M./l. 

Percentage 

antagonism 

Obs. 

Gale. 

Difference 

15-22 

10-15 

9-83 

0-32 

3-25 

30-44 

9-05 

8-07 

0-98 

12-14 

45-66 

8-20 

6-30 

1-90 

30-16 

60-88 

6-00 

4-54 

1-46 

32-16 

76-10 

3-20 

2-77 

0-43 

15-52 

89-13 

1-35 

1-26 

0-09 

7-14 



TABLE V 




Coagulation with A1 (N03)3 

+ H^SO^ mixture 


Vol. of 50% diluted milk 5 ml. 

Time 

1 hour 

Total vol. 

10 ml. 

Temp. 20°C. 


Coag. cone, of aluminium nitrate 4*6 m. M./l. 



Coag. 

cone, of sulphuric acid 4’6 m. M./l, 


A1 (NOa), as %age 
ofeoa^. cone. 

Gone, of H^SO^ 

in m. M./l. 

Percentage 

antagonism 


Obs. 

Gale. 

Difference 

15-22 

5-30 

5-08 

0-22 

4-33 

30-44 

4-65 

4-17 

0-48 

11-51 

45-66 

4-20 

3-26 

0-94 

28-83 

60-88 

3-30 

2-35 

0-95 

40-42 

76-10 

1-80 

1*43 

0-37 

25-87 

CO 

CO 

0-70 

0-65 

0-05 

7-69 
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TABLE Vi 

Coagulation, with ZtiSO^ *- 1 “ A! mixture 

Vol of 50 Yo diluted milk 5 mL Time i hour 

Total voL 10 ml. Temp. 20^0. 

Coag. cone, of zinc sulphate 6*4 m. M./i. 


Goag. cone, of aluminium nitrate 4*6 m. M./L 


ZnSO^ as %age 
of coag. cone. 

Cone, of A1 (N0,)3 

in m. M./L 

Percentage 

antagonism 


Obs. 

Gale. 

Difference 

15-00 

3-65 

3-91 

- 0-26 

- 6-65 

30-00 

2-70 

3-22 

- 0-52 

- 16-15 

45-00 

1-90 

2-53 

- 0-63 

- 24-90 

60-00 

1-30 

1-81 

- 0-54 

- 29-34 

75-00 

0-62 

1-15 

- 0-53 

- 46-08 

90-00 

0-12 

0-46 

- 0-34 

- 73-91 



TABLE VII 




Coagulation with Zn (NOs)g mixture 


Vol of 30% diluted milk 5 ml. 

Time 

1 hour 

Total vol. 

10 ml. 

Temp. 20®C, 


Goag. cone, of zinc nitrate 6*5 

m.M./L 



Coag. cone, of Aluminium nitrate 4*6 m. M./L 


Zin (N 03)2 as %age Cone, of A1 (N 03)3 in m. M./l. 

of coaer. cone. 

Percentage 

antagonism 


Obs. 

Gale. 

Difference 


15-38 

3-65 

3-89 

- 0-24 

- 6*17 

30-77 

2-70 

3-19 

- 0-49 

- 15-35 

46-15 

1-85 

2-48 

- 0-63 

- 25-40 

61-54 

1-25 

1-77 

- 0*52 

- 29-38 

76-92 

0-60 

1*06 

- 0-45 

- 43-40 

92-36 

0-10 

0*35 

- 0-25 

- 71-43 
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TABLE Vin 

Coagulation with ZnS04 + H^SO^ mixture 
Vol of 50% diluted milk 5 ml. Time 1 hour. 

Total voL 10 ml. Temp. 20®G. 


Coag. cone, of zinc, of sulphate 6*4 m, M./l, 
Goag. cone, of sulphuric acid 6*0 m. M./l. 


Zn SO4 as %a.ge 
of coag. cone. 

Gone, of HaSO^ in m. M / I. 

Obs. Calc. Difference 

Percentage 

antagonism 

15*00 

4*90 

5*10 

- 0*20 

- 3*92 

30-00 

3*75 

4*20 

- 0*45 

- 10*71 

45*00 

2*65 

3*30 

- 0*65 

- 19*70 

60*00 

1*70 

2*40 

- 0*70 

- 29*17 

75*00 

0*85 

1*50 

- 0*65 

- 43*33 

90*00 

0*20 

0*60 

- 0*40 

- 66*66 



TABLE IX 




Coagulation with Zn SO4 + HNOa mixture 


Vol. of 50% diluted milk 5 ml. 

Time 1 hour 

Total vol. 

10 ml. 

Temp. 20°C 


Coag. cone, of Zinc sulphate 6*4 m. M./l. 



Coag. cone, of Nitric acid 1T6 m. M./l. 


ZnSOi as %age 

Gone. ofHNOs M./l. 

Percentage 

of coag. cone. 




antagonism 


Obs. 

Gale. 

Difference 


15*00 

9*30 

9*86 

- 0*56 

- 5*68 

so*oo 

7*20 

8*12 

- 0*92 

- 11*33 

45*00 

5*10 

6*38 

- 1*28 

- 20*06 

60*00 

3*45 

4‘64 

- 1*19 

- 25*65 

75*00 

1*75 

2*90 

- 1*15 

- 39*65 

90*00 

0*50 

1*16 

- 0-66 

- 56*85 
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TABLE X 


Coagulation with Zti (N03)2 -f- HNO3 i^iisture 
Vol. of 50% diluted milk 5 ml Time 1 hour 

Total vol. 10 ml. Temp. 20”G. 

Goag. cone, of zinc nitrate 6*5 m. M./l. 
coag. cone, of nitric acid 1T6 m, M./L 


Zn (N03)a as %age 
of coag. cone. 


Gone, of HNO3 In. m. M./l. 

Percentage 

antagonism 

Obs. 

Gale. 

Difference 

15*38 

9*10 

9*82 

- 0*72 

- 7*35 

30*77 

7*00 

8*03 

- 1*03 

- 12*83 

46*15 

4*60 

6*25 

- 1*65 

- 26*40 

61-54 

2-70 

4*46 

- 1*76 

- 39*46 

76*92 

1*45 

2*67 

- 1*22 

- 45*69 

92*36 

0*35 

0*89 

- 0*54 

- 60*67 



TABLE XI 



Coagulation with Zn (NOs)^ + Pe (NOg)j mixture 


Vol. of 50% diluted milk 

5 ml. 

Time 1 hour 

Total vol. 


10 ml. 

Temp, 20°G. 


Coag. cone, of zinc nitrate 6*5 

m. M./L 



Goag. cone. 

of ferric nitrate 4*8 m. M./L 


Zn (N03)2 as %age 
of coag. cone. 

Cone, of Fe (NOa)^ 

in m. M./L 

Percentage 

antagonism 

Obs. 

Calc. 

Difference 

15*38 

4*25 

4*06 

0*!9 

4*68 

30*77 

3*65 

3*32 

0*33 

9*94 

46*15 

3*00 

2*58 

0*42 

16*28 

61*54 

2*35 

1*85 

0*50 

27*03 

76*92 

1*20 

Ml 

0*09 

8*11 

92*86 

0*38 

0*37 

0*01 

2*70 
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These results show that in the case of the mixtures Gu (NOa)^ -J-. HNO • 
Cu (NOa)^ + H^S04; Gu (NOg )2 + A 1 (NOa)^; A 1 (N 03)3 + HNOg; A 1 (N 03 )j-|- 
HaSO^ and Zn CN03)2 Fe (N03)3 positive ionic antagonism is met with, i, e. the 
concentrations of the second electrolyte required to coagulate milk in the 
presence of the first electrolyte are always higher than the calculated 
values. Whereas in the case of mixtures ZnSO^ + A 1 (N03)3; Zn (N03)^ -|- 
Al (N03)3; ZnS04 -j-’ H.^SO^; ZuSO^-j^HNOg and Zn 4 " HIMO3 the reverse 

is the case i. e. negative ionic antagonism is observed. 

Except for nitric acid the coagulating powers of individual electrolytes 
used in these studies are practically of the same order. All these electrolytes when 
taken in pairs show ionic antagonism not excluding nitric acid which has lower 
coagulating power. Weiser and Middleton ( 3 ) were of the opinion that the ionic 
antagonism is obtained when there is difference in the order of the coagulating 
powers of the two electrolytes but the above results do not support this view and 
show that ionic antagonism is not dependent on the diiSerence in the separate 
coagulating powers of the two electrolytes. 

Curves obtained by plotting the percentage of coagulation concentration of 
the first electrolyte and the percentage ionic antagonism observed with the second 
electrolyte are given in Fig. L IL HI and IV. In Fig. I are shown the ionic 



^ antagonism observed with 2nd 

electrolyte m the presence of copper nitrate. 
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antagonisms observed with HNO3, H2SO^ and A 1 (N03)3 in the presence of 
Gu (N03)3. Tt can be seen that the curves for the mixtures Gu (NOa)^ -{" HNO3 
and Gu (N03)2 + H^SO^ are close to each other whereas the curve for Gu (NOg)^ 
+ A 1 (N03)3 is not. Similarly in Fig, II the curves for A 1 (^"03)3 + HNO3 
Al (NOa)3 4 * H3SO4 are close to each other. In Fig. Ill the curves are the plots 
between the percentages for coagulation concentrations of Zn (NO^)^ and ZnSO^ 
taken against the extent of ionic antagonism observed with Al (NOs)3, this 
case also the two curves are quite close to each other. In Fig. IV are 


o 



Kg. 2. Variation in the ionic antagonism observed with 
2nd electrolyte in the presence of aluminium nitrate. 

given the curves obtained by plotting the percentage of coagulation 
concentrations of Zn (NOg)^ and ZnSO^ taken against the ionic antagonism observ- 
ed with (HNO3, H^SO^ and Fe CNOg)3. The curves for the mixtures Zn (NOs)^-!- 
HNOgj ZnSO^ + H^SOiand ZnSO^^ + HNO3 are close to each other and show 
sensitization whereas for Zn (NOs)^ + Fe (N03)8 it is quite different and shows 
stabilisation. From these curves it is observed that whenever the two coagulating 
cations are kept the same in the mixtures of electrolytes and the anions arc 
changed the curves are close to each other for a particular pair of cations but 
when one of the cations is replaced by some other cation the curves show a 
change from the previous one. 
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On the basis of their experiments on the adsorption ol cations, Ghosh 
and Dhar (Joe. cit.) emphasized the role of cations in the ionic antagonism 
obtained with BaCla + HGl for the antimony sulphide sol. However in Aeir 
later publications they have emphasized the role of the similarly charged ions. 
Sen (4) also has suggested similarly charged ions to be the important factor in 
influencing ionic antagonism with mixtures of electrolytes. Chaudhury and 
Choudhuri (5) have stated that for the case of negatively charged sols the mutual 
cutting down in the adsorption of cations and the stabilizing effect of anions 
both play the important roles in the phenomenon of ionic antagonism. The results 
of the present investigations reveal that the cations play the important role in 
producing ionic antagonism with mixtures of electrolytes in the case of negatively 
charged milk sol. 

o 

, 2 n as of Coog. Cone. 



Fig. 3. Variation in the ionic antagonism observed 
with 2nd elecirolvte in the presence of zinc salts. 
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RBACTlONS Of ORTHO-ES FERS Of GERIvtANlUM : REACTIONS 5p 
ETHYL ORTHOGERM ANATE WITH SALICYLIC ACID 

By 

R. C. MEHROTRA and G. CHANDRA 
Chsmisiiy Department, Rajasthan University, Jaipur 
[ Received oa 13th of August, 1964 ] 

ABSTRACT 

Reactions between ethyl orthogermanate and salicylic acid in different stoichio xietric ratios have 
been studied* 

A physicochemical study of the reactioa between the «-hydroxy carboxylic 
acids and metal ions in aqueous solution carried out by Mehrotra and coworkers^^^ 
revealed that the hydrogen of the hydroxyl group becomes more reactive as a result 
of the chelation and the complex ion dissociates as an acid* A survey of the litera- 
ture reveals that during the last few years, a large amount^ of work has been done 
on the reactions of alkoxides of aluminium.^, titariium,^ silicon® and zirconium^ with 
a -hydroxy carboxylic acids and salicylic acid. 

In view of the above, a systematic study of the reactions of ethyl orthogerma- 
natc with salicylic acid in different stoichiometric ratios has been made by refluxing 
the reaction mixture under a column and collecting the ethanol-benzene azeotrope. 
Salicylic acid is slowly dissolved in benzene in the presence of ethyl orthogermanate 
in 1:1 molar ratio but on refluxing an insoluble product results which has been 
shown to be di-ethoxy germanium monosalicylate. When ethyl orthogermanate 
is caused to react with two moles of salicylic acid, only three moles of ethanol arc 
liberated. The di-salicylate of germanium appears to withhold very firmly the 
remaining ethoxy group. With three moles of salicylic acid also, only three moles 
of ethanol were liberated and the product isolated was an equimolecular mixture 
of the di- and tri-salicylates. An attempt to replace the fourth ethoxy group of ethyl 
orthogermate was also made by taking the acid in higher proportions (more than fo^ 
moles) but it was unsuccessful and the product obtained was shown to be the trisali- 
cylate. 

The different ethoxy salicylate derivatives of germanium, isolated during the 
above studies, arc white solids insoluble in common organic solvents. Analytical 
results obtained reveal that the various reactions can be represented by the follow- 
ing equations 

.OH cold 

(I) Ge(OG + CeH / > 

\gooh 

H 

(GjHjO)^ Ge^ + GaH,OH 

^\oog/ 

.OH refluxed 

(II) Ge (OCaHs^i + C^H ^ > 

^COOH 

(C^HbO)^ ^^GeH, + 2 CaH^OH 
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(Iti) G6(OeaHB^i4-2CeH/ 


m 

COOH 


V. I /O 


-& — ^ 


CbH/ ^Gc( VeH. + 3 CjHPH 

^coo^ \ooc/ 


.OH 


(IV) 2 Ge (OCaHs)^ + 6 


OC2H5 


/ ^dv/ 

4\ ^ 


/i 


r ^ 

1/°' 




-CeH. 


\00G 


I 


^OH 

‘'^COOH 


+ + 6 C2H5OH 


(V) Gc ^OC,H,), + 4CeH/ 


OH 


COOH 
(excess) 


(G H5O) Ge^ 


H 

O- 


/ 


\ooc" 


rCeH, 




OH 


Triethoxy germanium monosalicylate on being refluxed with benzene changes into 
diethoxy germanium monosalicylate : — 

H ^ ^ 

(C,H,0),Gei^ yC.H, (CaHp)2 Ge/^^^))CeH, + C,HsOH 

'^OOC 

However, the monoetboxy germanium trisalicylatc remains unchanged on heating 
under reduced pressure (I’O mm.) up to 50®. 
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EXPERIMENTAL 


Apparatus : — All glass apparatus fitted with interchangeable joints was used 
throughout and special precautions were take to exclude moisture. Fractionations 
were carried out in a column packed with Raschig rings and fitted to a total con- 
densation variable take-off still head. 

Reagent orthogermanate was prepared by the amonia method®. Bezene 
(B.D.H.) was dried over sodium wire and finally dried azeotropically with ethanol. 
Salicylic acid (A.R.) was dried at 50 - 55° at 2 mm. pressure. Ether was 
dried over aluminium isopropoxide and finally over sodium metal. 

Analytical method : — Germanium was estimated by ignition of the compound to 
dioxide. Ethanol in binary azeotrope was estimated by a back titration method^ 
Salicylate was estimated by alkaline permanganate oxidation®. 

h Reaction between ethyl orthogermanate and salicylic acid in cold : molar ratio 1:1. 

Benzene (25 g.), ethyl orthogermanate (1’22 g.) and salicylic acid (0*67 g) were 
shaken vigorously for about 20 minutes to give a homogenous solution. The solvent 
was removed under reduced pressure and the compound was dried at 30°/! mm. for 
about two hours and the residue (T50 g) was analysed. 

%,found;Ge, 21*005 Salicylate, 41*00 Gale, for (CaH50)3.Ge (O3H5G7) ; Ge, 21*05; 
salicylate, 39*75. 

The above compound (1*0 g.) and benzene (30 g.) was refluxed under the 
column for one hour at 100° -110°. The ethanol liberated in the reaction was 
withdrawn azeotropically with benzene. The insoluble residue was freed off solvent 
under reduced pressure and the compound was dried at 35°/2 mm. for about T5 
hours. A white amorphous powder (0*80 g.) was obtained. Found ; ethanol in the 
azeotrope. 0.13 g. (one mole requires 0*13 g). 

%, found; Ge, 23*80; Salicylate, 45*01; Calc, for Ge, 24*30; 

Salicylate, 45*54. 

2. Reaction beiweun ethyl orthogermanate and salicylic acid : molar ratio 1:1. 

The homogeneous solution obtained by shaking benzene (40 g,), ethyl ortho- 
germanate (T77 g.) and salicylic acid (0*97 g.) was refluxed under the column. No 
sooner the bath temperature reached 80°, a white solid began to separate on the 
walls of reaction vessel. After r efluxing the reaction mixture for about two hours at 
lOfP — 110, the bath temperature was raised to 1 20° and the azeotrope was collcc- 
very slowly between 68° 74°. The excess of the solvent was distilled under reduced 

pressure and the product was dried at 40°/5 mm. for about two hours. A white 
powder (2*05 g ), insoluble in benzene, ether, was obtained. 
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Found; etbatiol in the azeotrope, 0-61 g. (2 moles require O' 64 g.) 

%, found ; Ge, 24'00; Salicylate, 45’4'3; Gale, for (C^HjO’^Ge (O3H4GJ') ; Ge, 24'30, 
salicylate, 45-54. 


3. Rmclion betwesn ethyl ortho german, ite and salicylic add : milar ratio 1:2. 

Ethyl orthogermanate (1'67 g.) was admitted to a mixture of benzene (40 g.) 
and salicylic acid (1-83 g.). On shaking the reaction mixture a white suspension 
was obtained, which was allowed to reflux under the column for about two hours 
at 100° -110°. 

The alcohol liberated was azeotropically removed. The excess of the solvent was 
distilled out. A white powder (2-5 g.) was obtained on drying the product at 
28°/0'l mm. for about two hours. 

Found ; ethanol in the azeotrope, 0-91 g. (3 moles require 0'9l g.) 

%, found; Ge, 18'30; salicylate, 69' 10; Gale, for 
O H C 

(G.HsOlGe^f" * ^ ^ : Ge, 18-57; salicylate, 69.89, 

XOaH.G, 


4, Reaction between ethyl orthogermanate and salicylic acid molar ratio 1:3. 

Salicylic acid i.2'03 g.). ethyl orthogermanate (1-24 g.) and benzene (40 g.) 
were refluxed for about three hours at 110° The azeotrope was fractionated out 
completely. 

Ihe reaction product was filtered and the solid was washed with dry ether and 
dried at 30°/5 mm. for about two hours. A white amorphous powder (2-0 g.), in- 
soluble in benzene and ether was obtained. 

Found : ethanol in the azeotrope, 0'68 (3 moles require 0-67 g.) 

«/„ found; Ge, 15-70; salicylate, 73'71; Gale, for an equimolecular mixture of 
(GjH50)Ge(03HBG7)(03HA) and (G2H50)Ge(0aH5G7)3-.Ge, 15-78; salicylate, 74'42. 


5. Reaction between ethyl orthogermanate and excess (>4 moles) salicylic aetd . 

Ethyl orthogermanate (1-40 g.), salicylic acid (3 21 g.) and benzene (5 g) 
were caused to react at 100° - 10° for about four hours, and the ethanol produced 
was fractioned off as before. The insoluble white product was ^ J 

washed with ether and dried at 30°/l0 mm. A white powder (2-50 g., 8o-3/o), m- 
soluble in benzene, was obtained . 

Poundj ethanol in the azeotrope, 0*78 g, (3 moles require 0 75 g.) 
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found ; Ge, 14'00; a alicylatc, 78*70; Calc, for (CsHjO)Ge (OgHjC,), ; Ge, '. 13 . 72 , 
aalicylate, 77‘75. 

The above compound (1*1 g.) was heated under reduced pressure at 50®/! mm. 
for about one hour; no loss in weight of the compound was observed. 

%, found ; Ge, 13’90. 
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A THEOREM ON MEIJER’S BESSEL FUNCTION TRANSFORM 

K. C. SHARMA 

Departmnt of Mathmatics, UniotrsHy of Rajasthan, Jaipur 
[Received on 29th April, 1964] 

1, In this paper two theorems about Meijer’s Bessel function transform, given 
by Mcijer [4J, defined by ® 


CO 

Rv ^f{x) : p2 = f ipx)f{x)dx = (/>), ... (i) 

b 

arc proved. While illustrating the first theorem an infinite integral involving the 
product of G-function and Gauss’s hypergeometric function is evaluated, which is 
the generalisation of Meijer’s result [D]. Further some of its interesting particular 
cases are also given, 

2. Theorem 1. If ^ ^ f{x) s L (o, R), R {\) >o, 

^ (p) > ^ ^ ^ ^ L (o, R) and f (x) ^ O ( e^^x^) for large x, then 

CO 

Rv [ :/> ] = J 6{x,p)%ip X) dx, ... (2) 

l' 


where 


Pi\)e{x,p) =2^-^/ . i)>^ - l,Fi 

Proof : If Z is replaced by / in the result, given by Meijer [5, p. 208]. 

; 1 - - 1 )“ + ^ ^ 1 ." - ^ + 1 

= r (O + )8) 2“ + ^ " ' Z~ “ “ ^ (Z], [R (o + J8) >o, R (p)>o]... (3) 

and the value of ^pt), so obtained, is substituted for it in the integral represen- 
tation of Ry [ f ft) : p ], then we get 


R, [t ^ fJ)-p] 


n\ — a - ^ a + p 

1 >+ 7 ) 
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(^a _ l)«+^-l 

Hence on replacing a + p, a - ^ by \, p. respectively, then changing the 
order of integration and interpreting the inner integral with the help of (H we set 
the result ^2). ' ° 

Since (3) is absolutely convergent for R (a >o, R (/>) >o and 

'*' ( rl{1Z)y e - Z fQj. 2 

A fJr B 7/ for small Z, 

hence Af-integral, /-integral, as well as integral on 1. h. s. are all absolutely 
convergent for conditions stated with the theorem and therefore the change of order 
01 integration is admissible b) de la Vallee Poussin’s theorem [1, p. 504], 

Corollary : If we put then since 


^±^1 fii^-p] LlfiO-. p] 

; 1 - 72 j = 2 “ ^ (Za - l)^ 


(4) 


and [2.^. 127]. 

+ - |v — |/t 


1 - P 


r (1 - /.) (Z), ... (5) 

the theorems reeuces to the one given by the author [8]. 

hv B particular values of the parameters in the result given 

by K., K. oaxena [lOj, it can be easily derived that 


r 


X (px) G J 7 

O 


*n/f I Oij.~,ay \ 

ZX ' I ^ ] 

j ..., ig j 


dx 


(27r)^ ”+ V-4 8) (■2„)2<r-l 2flj +i(y -S) +^-2<r 

)*...) 


r a, r ^ + 2n / (2n)^" [ A («, I ± v - a), A(r, n )\ * 

t y + 2 n, J 8 \ ^2n A fr. b,\ . A ( . a \ 1 .. 


A (^. M> -i A ( r, *g) 


where n and ^ ‘Regers and R J;) >o 2 (a + yS) > y + g. j arg 5 1< 

^ ^ ^ i V + ^ ) >0, :A =i —i®]} and hence if we 
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start with 

p— i ^ 

/(*) = * 


z/« 

(2n;2« 

, flr 

^8’ A ( 

' i-p+p' 

-P i nk,l 

/ "”2?j 

' '^1, ■ 

, Or 

p - G 

T^S 

1 zp 

j 

,s*j bn 


[ /- ^/(O: />] = i(27r)‘ ^ ^ 

fc, i . 2n [ ^1 A A 1 

X +2„,s+2« i 9n 1 V . . 2 . 


W. -• . *s. A 1 - P ± / . 


I that result (2) gives us, on making little adjustment of the parameters 


d - I . ^..a+b-t-d-l p, ( a-e,b~c 


(v-l) 


a^b—c—d ’ 


1 — V G 


(j-i-d — a — i 


./+2« ^ 2 I 

•^2flj I I 


.kd r '*!> •■> * 

L J 


A («■'»). A («.*), fll. • .Or 
^i>***» ^sj A A (^>d} 


AjJ-Tj— 1 


* A stands for the sequence of parameters -j-. — t — > 

and A {s,a±b) ^ A A 

where » is a positive integer, 2 (k ^ 1) > r s, R (d + b — c d)>0. 

R(«^i» — fl+l) >o, R (ttfth— ^-+-1) >a lA= 1, ..., A:], | arg e [ < (A: TT 
Some of the interesting particular cases of the above are given below : 

(a) If we put fi — I and use the result [2, p. 209] 


fli,. 

•:> 

1 _Qn, m / 

,, 1 -ii, .... 1 - i, . 

if,.. 


1 \ 

1 —flj, 1 _ flp ^ 


we get the result given by Meijer [5, p. 199]. 
(6) Since [2, p. 215] 

* 1 / ^1’ *•'» \ _ 


gA ^ f X 

a. 


E (p;ari q-, ^,-x) 


... ( 9 ) 
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wlien s ^ q + i then by virtue of (8) and (9) the (7) reducel to 

the result given by G. B. Rathie [7]» while if we take Z = 1,^ = s — p,r = q4-i 
and make suitable substitution for parameters, we get ’ ^ 

J / ^ ^ ^ ^ E (j& ; Ofr : ^ : Zi;-“) dv 

i 


“ r ic)n» 2„+/,i 


A (n. c-b + p), A(«. «-<i + P), 1, /5i, .... ;8 


jofi, ap, ^ (n, ^ — a — ^ ^ p^ 

where n is a positive integer, R (rj >o, + I > ?, | arg « | < (^ + 1 —q)^, 

R (na, ^ b — e —P + l)>o, R (na, — « -j- a — p 4- l)>o. 


)-.(l 0 ) 


The right hand side of (10) can be expressed as the sum of (2(i + 1) terms 
of E-functions, iff — I < p ^ q + I and the sum of p E-functions if ^ > f + 1. 

(«) If we take fc =. i = r = j = 2, = 1 — a, = I = = o and i, 

= y — a — pia (7), then by virtue of the identity [9], 



I — a, I — b 
o, t •— a — b 


we have 


r (a) r {b) r(f -’g) v je- b ) 

£{c) 


aFi ...(11) 



1 


(p _ jja4'^— r— <i— 1 p fa—e,b—c 

'rE-|-i— c— (/ 



r (g 4 ^ - f — t/) r (y) c -fd- a-b 
r (a) I' (P) r iV - a) f (y _*) " 


p2, 2n42 
2a +2, 2n42 


A l«. a), A (n, 6). 1— «. 1— 


) -(IS) 


lo, 7—a-^, A (n, c), A («. ‘i) 

where n is a positive integer, R (a 4 i ~c—d) >o, R(a) < 1 . R ( 6 )< 1, | arg 1 1 < TT. 
(<i) Further due to (5), when (j = f 4 j 04 jv — Jp., 

«=J + 4g. d=ig. y = i_p, 

^ = i — ix — iP, 0 =B*, 2=^® 
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(12) yields the result 

Cl M W“") 

p— 2 2, 2rt+2 /A («i f±iv— f ±|X+iP \ 

T:r(i±\—P) 2fl-f2, 2«+2 Vo, ^ (2 b, o-j 

where » is a positive integer, R (I— M) >o, R (i+P— ff±v) >o. 

(«) While if we take a = f+ iflr+|v — 

+ « = — |x — i p, 0 ^ j \ — iEP>y = 1 — p 

substitute r = replace z byj»~® in (12), then due to (5) and the result [2, p. 129]. 

4 F 1 (- i V - i P, 4 - % V - J P ; I - P ; 1 - z-^) 

= 2"^ (2 3 - 1)^^ r (1 - P) («). ... (I 


wc get 


1 

2P-P-2j,X+P/-1 

-jr r (-x-p)i (1+x-p)^ 


, q2, 2'z-}-2 

^ ^2n+2, 2n + 2 



A (»»»i + ^'^±4»'“4P)» A (-. 1 + X+P) 
o, 4+X, A (2n. ff) 


(15) 


where n is a positive integer, R (1 — P) > 0 , R (i+P±v— v) > 0 . 

If we put rt"=l,<T = X + P + 1» then it reduces to the result given by the 
author [8]. 


(/) If wc put v=J, X == o in (15) , then by virtue of the results 

r (1 - P) iz) = - <16) 


iCi, I + i flr. 

P«» i + i 
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m 


(27r) 


+ n- 0- 4? t at - ^ {q — p) — \ 


''^>P / I' ^ \ 

’f' »+'<■ % i i , J 

|0, 1— ..., 1— 4q 


P 

pFq^ 


and 


1 

. ^ r,6j) 


G”' V * T'n 

A ? \ jA,/ 

. - (17) 



1 

O' 

~ (18) 


n— 1 

TT C (i + Tin) = (2 7r)K"“ 1) r («), 

f = (7 


(19) 


we get, OQ substituting u = 1/t, ;> = l/«, for R (I - >o, R (/«_») >o 

^M-a-1 


J 


UtZLfHC 1 - /*) 

I (1 - <r) 


n+,F„ ( - P 

A (»,!-») 


( 20 ) 


• v^l+tjp,z^ yp-^ take i = rf, c ^ p and u = /> + 4 

m (7), It reduces to ~ * 




••• » (^1 
bi, ..., b. 


) dt 


= r(S)a Q*, / + n 


A(»,i+f).,.. ,..,«, y_ 
*1. ..., b„ A (n, i) ' , 


r + n, s 4" a 

where R (|) >o, R (| + p _ „ j ») > o [A =. l ^nd « is a positive integer. 

If we apply the Mellin inversion formula [12] to (21), we get. 


27rt / r (I) (ptlp)-^ " 

>■ + a, 4 \ 


o» 


*(i+ m 


,/>-! Qfc,/ + „ r 

r + fl, j L 


A (n> P + I), tfj, ...,fl, 

bit ..., bf 


)di 




, — n 


|a («. p), 

kx, 
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*• P)» "i. .. , at j 
ii ... , A, J 


( 22 ) 



Th$mm 2. If x* ± ^ /fx) s L (O, R), x"*’ ± / W « L (O. R) 

^ >o. R (1 ± /* ± ’' - P) >o tbcn 

[»-'-V(.):;] 

o 

/X [ / (0: 


(23) 


Proof : By virtue of the result 

Ky («) 


= J („) Sj (- i V - I V - I, iS, « : i 4: p) 5 “ ^ dv, (24) 

o 

given by Meijer [6], we have 


Ry V( I/*) :;>] 


- J(px)^ (px) x-'’-2/(l/*)‘^* 

. J (px)^ x-^“2 y (1 /*)|/* (</*) Sa C-Ji^y. : x ^f) T 


■a-p 


(2x)*"^^ X 


.,*2"+T 


rco 


Sa (-i+iy, « : i/0 / / (</*)' K. o (</*) 

o L o 

^«+^-P-2y 

Now if we substitute * = «,«- ^ = M. «+ ^ “ P i° integral and 

interprctc it with the help of (1), we get (21). 

CofollarUs : If we take y=% and P = - X - 1, the theorem reduces to one 
given by R. K. Sexena I 1 1]. Further if we take m addition to r-t, tnen we 
get the theorem by H. C. Gupta [23]. 
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ABSTRACT 

In tbis paper, we shall discuss the ultimate boundedness and asymptotic stability of a differential 
system with respect to its approxime to system. 

§ L This is a continuation of the author’s work [3], [4] in this field. In this 
note some results for the stability and boundedness of solutions are derived. Our 
discussion depends on the following simple lemma proved in [3], It will be stated 
in a different form so as to suit our purpose. 

Lemma ; Let the function w (/, B (0 continuous and defined for < 

CO , ^ > 0, Suppose M (0 is the maximal solution of 

(1-1) z^= ^ {t, e{t)) M (<„) = 

Where Bit) ^ z {£) -\- y (f) . where a is some const. >0. 

Let m if) and y p) he vectors ; continuous functions on the same range and 
satisfy 

a“ (i) (O] « (/. M (i) + II J(0 II 


Then 

m (0 ^ M ,t) 

§ 2. Consider the differential systems 

(2*1) q 0 ^ iQ = (^o > 

(2*2) (0 = p {y> 0 ^ (^o) = >o 

where x, y, p and q are n-dimentional vectors and where p and q are continuous 
functions on the product space A === ^ X R“. 

Let I be the interval O < ^ < co ; and be the n-dimcntional Euclidean 
space. Also let R+ = [a, -h co). 

Let li II denote the norm of the element ^x\ 

The following definition are required before proceeding further. 

Let X (t) and^ (t) be any two solutions of the systems (2*1) and (2*2) respectively. 

(rfj) The system (2*1) or (2*2) is said to be equi — norm — bounded with 
respect to the system (2*2) or (2*1) if for each a greater than zero and t^ ^ 0, there 
exists a positive function p a) continuous in foj for each «, satisfying 

11 (0 - J (0 11 < & «) 

for all 11 — Jo ^ ® ^ ^ ^o* 
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(4)IfiS in(</i) is independent the system (:^-l)or (12) is said to be 
uniform-norm-bounded with respect to the system (1*2) or (M). 

(^/g) The system ( 2 - 1 ) or ( 2 - 2 ) is said to be equi-stable with respect to the 
system ( 2-2 or (, 2 T) if for each c >0 and > 0 , there exists a positive function 
Wof continuous in Iq, for each satisfying 

(0 y (Oil < ^ 

for all - J^oll < ^ (^o» 0 and t > 

If 5? in ( 4 ) In independent of the system (2i) or (2*2) is said to be 
uniform-stable with respect to the system (2*2) or (2*1) 

(d^) 1 he system (2*1) or (2*2) is said to be quesi-equi-ultimately-norm-bounded 
with the system (2*2) or (2* 0 if, for each a>0 and > 0 there exists positive 
numbers B and T ijt^, a, B) such that 

11^(0- J^(0 11 <B 

for all II Xo - II < « and ^ > /^ + T (i^, B) 

If T in ( 4 ) is independent of the system (2*1) or ( 2 * 2 ) is said to be 
quasi-uniform-uitimately»norm-bounded with respect to the system (2 2) or (2*1) 

(^7) when (d\) and {d5) hold simultaneously, the system ( 2 * 1 ) or ( 2 * 2 ) is said to 
be equi-ultimately-norm-bounded with respect to the system (2*2; or (2*lJ 

(d^ when (d2) and (d6) hold simultaneously the system (2*1) or (1*2) is said to 
be uniform-ultimately^norm-bounded with respect to the system (2*2) or (2*1) 

The system (2*1) or (2*2) is said to be quasi-equi-asymptotically-stable 
with respect to the system (2*2) or (2*1) if for each 6 >0, a>0 and >0 there exists 
a positive number 1 a), satisfying 

11 A? (i) ~ (0 il < € 

for all II - jPo II < a and / > + T €, a). 

(dj^) IfTinft/gns independent of /q, the system (2*1) or (2*2) is said to be 
quasi-uniform-asymptotically-stable with respect to the system (2*2) or (2*1). 

(di-i) If (J 3 ) and (J 9 ) hold simultaneously, the system ( 2 * 1 ) or ( 2 * 2 ) is said to 
be equi-asymptotically-stable with respect to the system (2*2) or (2*1) 

(dia) If (^ 4 ) and (<fl0) hold simultaneously the system (2*1) or (2*2) is said to 
be uniform-asymptotically^stable with respect to the system (2*2) or (2*1) 

Remarks : Now suppose that p (y, t) sO and j € S where S is a non-empty 
set in R® 

Let d (x, s) be the distance between the point and the set defined by 
i(x,f) = inf [11 X - jy II, JO], 

The definitions (<fl) to (t^l2) above can be reformulated. For example (^ 3 ) 
would run as follows 
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(<f3) The system (2*1) is said to be cqui-stable with respect to the set I X S if 
foreach €>0aad^^ >0 there exists a positive function 3? €) continuous in i 

satisfying ® 

^ ( 0 , s) <€ 

for all d («o, s) <3? e) and t > 

Since 5 ) ^ jl x — 1! for ally € s, the results given below would include 

the stability and boundedness of a set. If further 5 = 0 , there results precipitate into 
ordinary stability and boundedness of the origin. Thus our dchnitions, the forma- 
tion ol which was suggested by the work of Yoshizawa [ 6 ] and [ 7 ] and more general 
than those in [ 6 ] and [7]. 

§ 3* TheoTsm 1: Let the function « (L ^ 4" ^ continuouSi non-decre- 

/rf 

y e and deSned on 1 X Supose 
ii) \\x ~ y-\- h\j>(x,t) -J> (j>, t)J !1 < ii * -■ 7 il (I - « A) 

(«) II (?(',*) 11 <“ (<. ll*(0lk“‘) 

where a is some constant >0 and h is sufficiently small positive quantity. 

Let M {t) be the maximal solution of 

(3-2) = „ C^. ^ ^ ) M (g = 

Then, if x (<) and j (0 are any two solutions of (2T) and (2*2) such that 
11 *o — J'oll M„, We have 

11 * « - J' (0 M (0 

/Y t 

Projf ; Let m (t) = i| * (0 — J* (0 11 « where * (t) and j (t) are any two so- 
lutions of (2T) and (2'2) such that || Xq — jj Mo, Then, we have 
m(/ + A; - m(<) \\ x - y + A [?!*,<) - P 0^, t) ]l! + A jj j (*, t) 0 

+ 11 €i A 11 + i'i e, A 11 I — 11 * - j 11 ] 

where 6^ and €2 tend to zero as ffi’ tends to zero. 

Using (3*1) (t) and (ii) it follows that 

j [m (« + A) - (t) ] < (/. 11 * (t)li ) 

Since 11 H — 1| j 11 ^ 11 ^ ^ 11 and by the monotonic character of w we have 

i + A) - m (i)]< c«> m {t) + 11 ^ (Oil 

Then the application of Lemma, yields 

li*(t) - >«ll 


asing in e + 

( 3 - 1 ) 


Mott Put a = 0, we get thereon 2 in [4], 
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Theoirmi: Suppose that the assumptions of Therem I hold. Suppose further 
that (a) the differential equation (3*2) is {a{) equi-bounded (eia) uniformly bounded, 
then the systems (2'1 and (2-2) satisfy the definitions (d^) and and hence (d,) and 
(^s). 

(b) the identically zero solution of (3’2) is (bj) equi-stable (Aj) uniformly- 
stable, then the systems (2‘1) and (2-2) satisfy the definitions (dg) and (d^) and hence 

(dll) 

Proof : Suppose that the differential equation (3' 2) is equi-bounded. Suppose 
X (t) and y(<) are any two solutions of (2‘1} and (2-2) such that || - Jo II < 

Then we have from theorem 1 that 

11 * (0 - J (0 11 < M (f) for t > 

For this it is easy to see that that the system (2T) and (2‘2) satisfy the definitions 
(dj), (dj), (dg) and (dj. In view of the definitions (df), (dg), (dj,) and ';d,a), the proof 
would be complete, if we show that the systems also satisfy (dg), (dg), (dg) (dm). For 
this purpose, suppose that {fk} is a divergent sequence. Assume if possible that 

II *(^k) — J 1^0 11 > I" 

Then we get 

L a®'" < M (fk) < iS (to, 8) 


This leads to a contradiction as fc— , since L and p are positive. Since L is arbi- 
trary, this shows that the systems satisfy the definition (^g). Similar arguments hold 
for the other cases, and the theorem is proved. 

Remarks , If p (y, t) ^ O, we get the same concepts relative to an arbitrary 
solutions of 

*’ = J (x, t) 


It is interesting to note that Messera fl J, [2] has shown the equivalence of some 
of the types of stability when the right hand side of (2*2) is linear, periodic or of the 
first order (n i) and also gives examples. Further, if is linear as pointed out 
in [5, P 10- ] the boundedness and stability properties of i2u) are equivalent. Hence 
the boundedness and stability properties of (2*1) depend only on (3’2) even if the 
system (2 ’2) satisfy either boundedness or stability in this case [if p is linear]. 

In the end, I wish to thank Prof. V. Lakshmikantham for suggesting improve- 
ments and constructive criticism. 
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abstract 

A theorem giving rdatioa between Whittaker and Generalized Sticl^cs transforms has been proved 

here, 

h Verma (7, p. 17) gave the generalization of the classical Laplace 


transform 


(1-1) 

CO 

o 

in the form 


(1-2) 

CO 

(j) -= X J ( 2x0 ^k,m 


o 


which is known as Whittaker transforna. With i *=* i, reduces to 

k 

(1*1) and is represented symbolically as ^ {s) ^/(O* 

m 

Generalized Stieltjes transform of order a is defined by the equation 

CD 

(1-3) = 

O 

The object of this paper is to obtain a relation between the Whittaker 

p 2 

transform of / (i) and the generalized Stieltjes transform of i 9 (t)* The 
result is stated in the form of a theorem which is illustrated by an example. 

2. Theorem. 

If 

(2-1) ?wL/(o 

m 

and 

(2-2) T(»;«r)= 

*For ihe sake of brevity the symbol f (flii) is tised to denote f (a+i) F (a — 
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than 


sP-^ 

T ((T) £{i-k±m) 


(2-3) f (si a) 


CO 

/ 


32 f 
2,3 \ 


2 St 


&+f, 1-P 

i+m, i-m, <r— p 


)/ (0 dt 


provided the integral is convergent, the Whittaker transform of [ / (i) 1 and 
generalized Stieltjes transform. 

of ( (i) 1 exist, R (j)> > o, R (ff—P) > o, 

R (i±«+P) > o, R (k±m) < ^, R (k+P-a- i) < o and \ arg s | Or. 


Proof: — Using the integral due to Saxena [5, p. 304 (6 )] 
we have 


(2-41 ... 


Sis' 


r{<T}*r{i-k±m) 



i+f, 1 — p 

i+M, i-m, (y- P 





where R (s) > > o, K (a ~P) > o, R (i±?»+P) > o, 

R (k±m) < I, R (A+P- V - i) < o and ] arg.^ | <7r. 
Now, applying (Bose 2, p. 20, R.6): 

If 

Pi(^)L/i(0 

m 

and 

Pa(^) tfiiO 

m 

then 

CO 

?1 (a) /a (a) a " ’ rfa = J /, (i) (j) , “ 1 

o ^ > 

to the relations (2-1) and (2'4), replacing 

[ 166 1 


/ 



p by we get the result (2*3) as stated above in the theorem. 
3, We give below an example illustrating the theorem. 


If 


/(/) = ^ ’’ 




— 1, ^1’ *• ’ 


then using the integral due to Bhise (l,p. 74;, we have 
(3*1) ... 9^(5) = ' 


^k+2,f+ij 2 X 


*r v-f2 

where f^ + v < 2 («+f), ^ | < )-, 

R (^±m) < R (fli I'i:?^) < 5/4, i= i,..., r; 

R(^-f > h ;==!> h. 

Then, substituting for j {t) in (2.S), applying the transformation to the G-function 
[3, p. 209 (^9y], evaluating the integral with the help of a known integral (Saxena 
6, p, 401) and combined with (2.2) we have 


m qA+ 3, r+2 

) f; .f {,i-k±m) /*+2, v-j-S 


( 


2^ 


1 — P, ^+is fli”-/..., £2^ 

^ i — OT, — 5 —I 


)- 


= G 


/ 


.P-1 


q/.+ 2. r+1 / 2f i V 4 

®^*+l,v+■2 t [i+m, i—rrt, bi—l,..., “W’ J 


<^1 *r a-i-±m) 

Replacing /i+2 by m, r + 1 by n, by p, v-\-2 by q, 
i+| by Cj, fli— 1 by a^^i, i= 1,...P; i + m by 
i - m by iSa, *1 - 1 by jSa+j, j= ' , - , v; we get 

^ 1 , TZ-f* 1 o,j P I 

(;S i) ... -f '^;»+i, ?+! \ I '^-P, ^3 / 

-G G^-'f 2,!"' !’)i4 

<T t 3 \ I J J 

where < 2 (m+nj, R (P + ^. ) > o,;=l,...m; 
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R(/>-ff+ai) <1, I arg J I <w. 

The result (3*2) tallies with the relation [4, p. 418 (4) ] which is in the form of an 
integral. 

My thanks are due to Dr. V. M. Bhisc for his help and guidance during the 
preparation of this paper. 
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SUMMARY 

The radial velocities of stars having quoted qualities a, arc used to dcriv*c ihc K-term and 
the coordinates of the solar apex. The stars with proper moiioas ^ 0^^.5 and m radial velocities 
exceeding 60 km/sec were excluded. The mean values of K, Vc, So, are 1.97, 19.04 ±IA6, 
265^,6 i 2.64, 33,1 i2. 22 respectively. The errors are pro oable errors. 

INTRODUCTION 

The problem of K-tcrm and solar motion from radial velocities and proper 
motions has been discussed notably by Plaskett and Pearce (1,2), Smart (3,4), Smart 
and Green (5), Smart and Tannahill (6,7), Plaskett (8), Tannahill (9,10,11), Ali (12), 
Walkcy (13), Ewart (14), Feast and Thackeray (15). The details of these investiga- 
tions arc given in the papers referred to. In the present paper wc have analysed 
the radial velocities given in the New General Catalogue by Dr R.E. Wilson (16), for 
the K-tcrm and the solar motion. The method of investigation is as follows 

The radial velocities with quoted qualities a, c, were grouped according to 
the spectra O, B, A, F, G, K, M. Stars of each spectra were divided in two 
groups-one with positive declinations and one with negative declinations. Each 
group was then sub-divided into sixteen groups with 1 1 hours R. A. so that the 
mean R. A. for the first group was 0^ 45™ and so on. The means in the positive 
and negative declinations of the radial velocities were formed. Then the well 
known equation of condition 


was used, ly m, n and 9 have usual meaning. The ^-component in the above 
equation becomes indeterminate. Consequently, assuming the solar velocity as 
19.5 km/scc and the equatorial coordinates of the solar apex as =*267^.5 and 
5^=32® the C-component was found to be— 10.33, Thus -C sin 6 was eliminated 
from the equations of condition. The least spuarc solution then gives the following 
values. The weights were given proportional to the number of stars. The second 
line in tabic I for each spectra gives the results from stars in the negative decli- 
nation. 
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TABLE I 


Spectra 

N 

K 

Vo 

a?o 

ao 

B 

1178 

+ 

2'26 

16-58 ± 1-48 

265*8 ± 0*12 

38'>*4 ± 3*20 


917 

+ 

M2 

20*77 ±1*11 

268*1 ± 1*51 

29*4 + 2*23 

A 

1769 

+ 

2-38 

18*04 ± 0*60 

268*2 ± 1-57 

35*0 d; 


392 


1-57 

18*12 ± 0*58 

265*2 ± 0*24 

34*7 ± 0*97 

F 

1525 

+ 

3-89 

20-16 ± 0-68 

268*9 ± 1*99 

30*8 ± 1*39 


491 

- 

1-49 

20*70 ± 1*00 

268*8 ± 1-93 

30*5 ± 1*57 

G 

1628 


1*81 

18-37 ± 0*40 

263*9 ± 1*03 

34*2 ± 0*66 


625 

— 

(J-43 

18*27 ± 0*46 

266*1 ± 0*30 

34*5 ± 0*84 

K 

1644 

+ 

0-99 

17-97 ± 0*65 

261-9 ± 2-33 

35*1 -±..1*21 


590 

+ 

MO 

18*94 ± 0*06 

262*5 ± 1-87 

33* 1 ± 0*00 

M 

843 

— 

M3 

19*31 ± 0*13 

258*4 ± 4*35 

32*3 ± 0*48 


376 

+ 

4-23 

21*25 ± 1*33 

268*9 ± 1-99 

29-1 ± 2*42 


The values of K-though irregular, do not^ reveal any systematic differences. 
The negative values of K in the negative declinations are not large enough to 
reveal a general contraction of the Galaxy. Moreover the values of Vo, Bq are 
quite in agreement with the accepted values of these quantities given in Allen’s 

Astrophysical Quantities (17). A look at the table reveals that Sq is large for 

positive declinations and small for negative declinations except in the spectra G. 
The mean values of K with and without regard to sign works out to be 2.22 
for -five, 1.15 for — ive, and 1,97 respectively. The mean values of Vq, § 
are 19-04± 1.16, 265^6± 2.64, 33^.1±2.22 respectively. 
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ABSTRACT 

Steady laminar flaw of a viscous incompressibb fluid through an elastic tube with porous walls 
is considered. A normal suction is applied at the bauadry. It is shown that as a result 
of this suction the tube expands in the direction of th 2 fl aw if the fluid viscojity is suflSciently 
small. The suction parameter also increases in the same direction, from its value at the entry of the 
tube which is greater than 2. 

Both the radial and the axial velocities decrease all alang the tube. With a continuous decrease 
in velocity the Reynolds number also decreases, so that the flaw is likely to rema.n laminar if it is so 
at the entry. There is an increase in pressure as the fluid moves along and this at some stage may 
cause backward flow at the boundary. 

INTRODUCTION 

In a recent pap=r R. G. Ghoudary and K. P, Sinha [1] have discussed the 
steady laminar flow of a viscous incompressible fluid through a circular tube of 
constant radius with porous walls. They have predicted that with a small 
normal outward suction at the boundary the flow expands as the fluid moves 
along the axis of the tube. An attempt has been made in the present note to 
prove this result and it is shown that this is true for a fluid of very small viscosity. 
We consider the flow through an elastic narrow tube of circular cross section. 
It is shown that the radius of the tube increases as the distance along the axis of 
the tube increases if the fluid viscosity is sufiBiciefitly small. If the viscosity is 
not small enough we get the usual convergent glow. 

(f, z) are the cylindrical coordinates. The velocity components in the 
r and Z directions are denoted respectively by v and u. The motion is symmetri- 
cal about the axis of the tube and the fluid pressure p is assumed to be uniform 
over any cross-section of the tube. The equations of motion are 


'( 


do 

cw* 

ow 

! 

II 

+ 

P 3 “ 

dr 

+« 8” ' 

^ J 
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gp _ L 4 


d‘u , 1 


Zu 


+ 


) 




) 


(1) 

( 2 ) 


r cf 



The equation of continuity 


-^- + - + 

dr , ^ 




= o 


( 3 ) 


In the usual notation the stress-strain relations are [2] 

Pjj Bs — . ^ g.j 2/* ~ A* Sij ^ick (4) 


R (^) is taken as the variable radius of the tube. If E denotes the Young's 
moiilus and 6 is the thickness of the wall, it is easy to verify that [3J 

where L is the radius of the unstretched tube and is consquently taken as constant 


1. For the present we neglect the terms v , u — 

0r 0^ 

the justification for the same latter. With this ( 1) gives 


r IT ^ 


Z^v 


in (1) and give 


( 6 ) 


The solution of this with v — on the boundary f •« R (^) and finite on the 
axis is 



( 7 ) 


The equation (3) now gives 


^ 2 ^ 
8^ R (e) 


Substituting‘(7) and (8) in (2) we have 

^4. ^ J, 1_ , 2£o 

^ r Ra* az 
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( 8 ) 



where we have written R = R (.s). Making the substitution 


t the above equation becomes 

R. 


^4-1 ^ 

•dV* V dV \ V ) 


V + 




_ r jl -2 v = 

L M dZ ® rft J 


The solution of this equation with'a = o for = 1 and 

= o for.’? = o is 

m 




From (4) we have 


+ 2'‘(i^) 


Differentiating the above with respect to z 


BPrr ^ dp 
ZZ~ dz 


(^) 


Differentiating (5) with respect to z aubstituting in (1 1) we get 


(E8-2a..,)^=R«-^|- 


Substituting this in (10) we obtain 


E8— oc/tBo 




(1-n*) 


We thus observe that the axial velocity has the usual parabolic peofile. 
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Denoting by i^the volume of the fluid flowing across a cross-section per unit 
time we have 

-R (2) 1 

2 It j r u dr — 2 n-R 2 I V u d t] 

O O ... 

V f 

Substituting from (13) integrating we get 


0,= 


:r R» 


az 


^ E 8— oct'Pp 




(14) 


le we put Q, = rr R* \/ where V is the average velocity over a cross-section we 
have 


dR 

dz 




CC ^ 

V (E S- ocf'aj 



8 /I'V 

Eg— (X 


(15) 


The above equation is integrated to 

R = ( R,- ) ««« + _2£_ 


(16) 


where V, is assumed to be constant for a slowly expanding tube [ it will be shown 


dR 


later -^^is small ] and 


« = - ^ 

V (E 8- aiJ-Vo) 


and Eq is the value of R at « = 


(16) can also be written 


as 


(17) 


R-R„+,ir,( 

V 


2’' ^ ^_o?o, , 

2v 


) (“^) 


+ 


+ 


2v 




3 f 


+ 
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We observe from (18) that R increases with Z if ^ | ^ , 

2v 2 

Thus for a given small expansion is possible when the fluid viscosity is suffi* 

■P yj 

ciently small. If cp (^) = — ^ denotes the suction parameter (18) can also be 
written as 



+ [f~‘ i) X ... (19) 

where cr^ is the value of a (z) at the entry. There is an expansicn of the flow for 
v^>2. cr{z) increases all along the pipe and its value at the entry is > 2. With 
this it is seen from (13) that the axial velocity can never be infinity as in the case 
of the flow through a tube of constant radius [1]. 

Justification of the terms neglected: — 

We see from (7) that 


== ^ ^ ^ _ r gp / dR 

dz "" *R^ dz " dz^ \ az 


For a small we observe from (18) that j[ since J 


d^ r\ r \ r\ / s i 

IE 


Thus for small z?^, = 0(^0*) and similarly 


V and a are each of order O (Oj,*). 

62 ^ ° ' 


where as 


8g 

6r® 7 6r 


O W 
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Thus for a small (2) simp^ies to (6). No terms are neglected in (1). 

It is easy to verify from (7j, (12) and (14) v, u, and Q. all decrease as « 
increases. The Reynolds number also decreases and the flow is likely to remain 
laminar if it is so at the entry. There is an increase in the fluid pressure all 
along the tube and this is superimposed on the pressure drop due to friction at the 
boundary. If the resultant pressure drop in the direction of the flow becomes 
negative there is a possibility that the fluid near the walls starts moving back. 
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STUDIES ON TUNGSTATES OF THORIUM AND EFFECT 

OF AGEING 


By 

G. G. SHIVAHARE 

Department of Chemistry^ University of Jodhpur, Jodhpur 
[Received on 23: d March, 1963] 

ABSTRACT 

The composition of thorium tungstates, obtained by the addition of thorium nitrate to a pro- 
gressively aci dified solution of sodium tungstate, has been studied bv conductometric and quantitative 
methods. The conclusions drawn arc in ^reement with those arrived at by the potcotiometric studies 
of similar systems, described earlier. 2- 

EXPERIMENTAL 

All solutions were prepared with A. R. quality reagents observing usual 
precautions. Electrical conductance measurements were made with a LBR model 
B177 measuring bridge operated on 220V/50 cycles a. c. mains having a magic eye 
electronic detector. The conductance measurements were made at25^±0.5-G* 
The effect of atmospheric carbon dioxide was avoided by keeping the solutions in 
test-tubes completely filled and well stoppered. 

10 ml of O.IM sodium tungstate solution were taken in different pyrex glass 
test-tubes. Required quantity of 0.25 \I nitric acid was added to each to have, 
theoretically, tungstate ions of a particular composition^. O.IM thorium nitrate 
solution was added from a micro-burette in regularly increasing instalments. I he 
electrical conductance of these solutions, kept out of contact from atomospheric 
carbon dioxide, was noted at start, after 24 hrs., 3 days and 6 days. Titrations 
were performed with 0.067M and 0.05M sodium tungstate solutions also and the 
results were, in general, similar. 

In the quantitative studies the metal and tungstate ions, left in the super- 
natant liquid, were estimated by usual methods after precipitation had taken place 
in systems similar to those mentioned above and maintained at the same temper- 
ature. 

DISCUSSION 

The results of the present studies confirm those arrived at from the potentio- 
metric studies^ that five different tungstates of thorium can be prepared by 
metathetic methods, using the interaction between sodium tungstate solution (con- 
taining varying amounts of nitric acid to form sodium tungstates in different degrees 
of polymerisation) and thorium nitrate. 
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Normal, di- and tritungstate of thorium, ThO^* 2 WO 3 , ThO^ 4 WO 3 and 
ThOj.SWOa respectively, are formed by direct interaction and ageing has no 
pronounced effect on their composition. 

The paratungstate of thorium, SThOjj.HWOg formed by direct interaction 
between thorium nitrate and the corresponding sodium tungstate, has a tendency 
to hydrolyse on ageing forming thorium tritungstate. 

3(3Th0a.l4W03) +4H,0 = 7(Th02.6W08) +2Th(OH)^ 

It is noteworthy that, unlike some metals^, in the beginning thorium paratungstate 
of composition SThO^.HWOs, is formed whether the HNO 3 : NajWO^ ratio is 
U14 or 1.15. 

Sodium tetratungstate precipitates little thorium tritungstatc at first which on 
ageing gets converted into the tetratungstate. 

2{Na,O.4WO3)+Th(NO3)4+HaO-ThOa.6WO3 + 4NaNO3f2H3W0^ 
ThOg.S WO3 + 2H2WO4 == ThO,.8 WO3 + HgO 

The author is -grateful to Dr, S. Ghosh, D. Sc., F. N. I., F. R, I. C., 
F. N. A, Sc., Head of Chemistry Department and Dean of the Faculty of Science, 
University of Jabalpur for his guidance in this work. 
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CERTAIN THEOREMS ON GENERALISED LAPLAGE TRANSFORMS 


By 

SUDHANSHU HARIT 

Deparimmt of Mathematics, G. R. Qhamaria GdUge, Falehput {Rajasthan) 

[Received on lith December, 1Q64] 

INTRODUCTION 

The well-known laplace Transform 


CO 

4>{p)=p^ 


-ft 


/(O dt 


(M) 


dt 


has bcea generalised by Meijer (3) in the form 

^ ^P)= P I (PO ^0 (pi]/(i) 

O 

and by Mainra (5) in the form 

which reduces to another generalisation of Meijer (4) 

when \ = —k — i and to Varma transform (8) when \ = m. 

The object of this paper is to prove certain theorems depicting the relation 
of (1.2) or (1.3) with either T transform or H transform given bv Titchmarsh (71 
such that if 


(1-2) 


{1-3) 


then 


k(p)=j(pt}i r {pt)f{t)dt 

o 

cr 

/((>)- / {pi)^ (pt)h{t)dt 
o 

We shall represent the equations (1.2) to (1.5) respectively as 

<j, (p) £f{t) 

V 


(1‘4) 


(1-5) 
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4> iP) - /(O 

k, 7?4 


^ (;>) =/(<) 


and 


== / (<) 
V 


Also throughout this paper we shall use the following abbreviations for the 
sequences mentioned against them : — 


, . a 

A {s. a) - — J-) 


1 


^ / 1 Ls o4-b fl4-A+J— 1 a — b a — b~^\ 

A (^> - -f -T’ 

9 Thfnrftn 1 Tf 0 + 3/2 

2. Theorem 1. U x y ^ ^ ^ ^ 

L (O, CO ), R [ X. ± n.^(v+3l2) r/i+2 ] > O 

k ^+5 *'/■' 

f (p) = >( / ( « ) 


a — ^ + 5 - 1 


both belong to the class 


and 


then 


<p(p) = / « 


s,s + 2r 


P (P) = (2Tr)*“’'x (2r) (2 X 

A ACr.-ix+i/^) 

A (^.-|+|-). A (+ i±iv) 


] 


4>(y)dy (2.1) 


Proof : By virtue of (1.5) 
rjs <f. r/si r(s 

/ ( * ) = J Hp (* ji) <;, (j) dy 


and therefore 


<#’ (P^) ^ Ko (px) x^'^ f (yx Ho (x ''Aj») (y) dy [dx 


U 
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Now changing the order of integration {which is permissible under the 
conditions stated) and evaluating the inner integral with the help of the result 
given by Saxena (6) after applying the transformations (1, p. 383) 


Hv {x) = 2/a ojg 

and 






I 4/^ + i 0, ilJ- — 4o 


we get (2,1) 

Below are given some of the particular cases of the above theorem ; 


( 2 . 2 ) 

(2.3) 

( 2 . 1 ) 


Theorem (1.1) Putting r=n , s = l the theorem reduces to one that if 
X+4 n » + 3/2 

X /(a;) and* X ^ f*) both € L (O, co ) R [X±f‘+n (f+3/2)+2]>0 

♦'»== '"+*/(.) 


and 


4> iP) = fix) 

V 


X— rt+2 4 — ® x-j- 1 — X — 4 

then f (» = 2 X TT X n X p X 




2b+I,3 ^ 




f f Y > A (^J J xdbi/^) 


i+~, 4+4 i>,4-4*' 


^ if) h 


(2.4) 


Theorem 1.2 : If we take r=l, s=n then it reduces to that when 


A+4 


/( * I/" ), * ’ ■ ^ (*) both € L (O, M ), R l2+X±/‘+!/'i (5+3/2)1 >0 

■A(/) I 


5+3/2 


and 


then 


<?> (^) == / (*) 
V 


f (p)=2^+*X ) 


X 


B, n + 2 

1 ® 

4_y2n 

A (^j f +4®)> ~ 4x — 4f^. - 4x+4/‘ 

i n+2, 3b 

; I 

A («> l+W)> A (»». i±4») 


4> (j>)iy 


(2.5) 
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Theorem 1,3 : — When we take r= 1 and ^ ^ 2 we get that It 


and 




4>(P) = f (*) 


then (J 5 )= + ^ ^XTT ^ X 

I A (2, i+i o), - i>i- 1 /*, - 


« 2 4' 

CjG 

i 46L 


A(2.i+io), A(2.i±^») 


(^) rfy 


( 2 . 6 ) 


provided that (**) both € L (O, co) and R [2 x±2m 

+b + 7/2J>0. 

TIuorem 1.4 :— Further if we take P-=js in theorem (1.3), then by virtue of 
the formulas 


« i8 

G 

r 8 



and 


’"y\ 2ij-2fljbir-is+i 

, ^ ^ ^ 

S«, s;3 I s J (y - 8) I A (*. "i)* ••• A (^. “y) \ 

1 A(..6.),-A(-.»j)) 



p 

TT r (1+^1— <jj) 

jHl b, 

q * 

TT f (l+^l~ij) 

;=2 


p / l-f-^i— flij l+^i-flp. \ (2.8) 

p'g-l -* 

+ l.^ij— iq, j p^q 

it gives us that if /+V(*^ ),* (*) € L (O, co ), R [2x+i;+5/2J >0 

^ CP)4 /(*^ ) 

and 


4>{p)=f (x) 

V 
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-X- it- -5/4 

then ^ (p)= - 

Vif 


r(X + % t>+9 /4) 
i (5 + 3/2) 


K J ^ 2^’2 


■ ), X+i 5 +9/4 , ^2 ■ 

,3/2, 5 + 3/2*, _ 




(2.9) 


If we take f = s, then by virtue of the formulas (2.7) and (2.8) we get the 
theorem given by G. B. L. Varma (9). 


We give below some more theorems Proof of all these theorems are on the 
same lines as that of first. Transformations applied may be either from amongst 
(2.2) and (2.3) or from 


-lx 


and 


TT 


-i 


X X 2' 


K-i 


X G 


40 

24 


(4 


i-4K,i-4K 


■i+i'", 


-im, Am, - Am ^ 

( 2 . 10 ) 


h r (*)= 2^" 





( 2 . 11 ) 


as the case may be 

TJuortml :Ific ^ V(* both €L (O, co) RIX±f‘+(A±»)»'/^+2j>0 
f (/>) = ) 

and 

</>(/>)=/(*) 

V 

then ^(;.) = (2Tr)"“’'x(2 r)^+^ X (2 f)' x/>~^“^X 


“ 2s, 2f 

1 ® 

( 2 ,)ar j38 

A (f , —2^). Ah- i - J'i ‘ 

i f+2f, 3s 

■(2s)>* 

A (^. i - ¥), A i + l»). A ("' - i 


Below are given some corollaries of the above mentioned theorem : 

Corollary 1 Putting r=n, r = 1 it reduces to that if 

/(x ") and 4> (*) both 6 L (O, or) R [X±M+ (i±p) n f 2) >0 

K ^ + i n 

</^ (/>) = « /(* ) 
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^{p)= f (x) 

V 

.hea ^ + 2 X /+'xir*-"x(. 


2,2n 


X G 


l + 2n, 3 


■_W-. a(..^'‘). A (», ^ ), -i-i.' 

i-i y, i+i 0 


Corollary 2: When we put f=r1, ^ = 1 in theorem 2, then it reduces to 
that if 

'I' (J>) = f (*) 

r 


jj 

^ (p) = f (x) 


then ^ (/>)= ^ (5/4-^ » ±4M-l-i\)x p 


— 4-X+z>— Jv 


5/4 - i D + iX +1^, 5/4 — ^ o + |X — 4/^, 3/2., ^2 
1 - 0 . 3 / 2 ., 


</> (.)’) (3.3) 


where (a;) both € L (O, co) and R lX±f ‘ ±p + 5/2] >0 

Corollary 3 : While if we put r = 1, s=n it reduces to that if 

Hp)= 


^ (p) =/ (*) 

V 


X G 


i' (p) =2 X 


4^ ^ ^ " X~r^ 




n+2, 3« P^ 


Xp X 




A («. i-i V), A («, i+i »), A v)J 


for R tX±f*+(i±p) l/n+2]>0 and if /(*V°), {x) both € L (0,«.) 
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Cor Hilary 4 : Taking n=2 in the above Corollary, we have that if 
J (v'* ) ^ (x) belong to L (□, » ) R [2X±2f‘i:0+5/21>O and if 


if'wf 


^ ip) = /(*) 

V 


X+3/2 

i X 

7i 


j -\-V- -i-ir 1-\V 

^ 42 . —2“’ 2 --2~"’~2~’ 


^ ^42 y 2 ’ 2 ’ 2 ’ 2 

^ J 46 64/)» 5/4-4J- i+Jr 5/4 + Jo -l-kv ^iy)^Jf 

i 2 ’ \2 ’ 2 ’ 2 ’ 2 ’ 2 J (3.5) 


nwrm 5 : If / ( * 4‘ (*) both € L (O, «>) R [i±5l>0 R [Xdb»» + 

,1s a±o) + 3/2] >0 


^ (/>) = /(*) 


^(p)=:(2Tr)^“’'x (20^ x(2r)^ X 


^^ + 4r, 


r ( 2 r'i 2 r v®* A (2»') — ^— (x+w)), A (2^-4— - 

L A (2f,-2x), 


Particular cases : 

Theorem 3J If / (x) and ^ (x) belong to L (O, co) 




; »S5 1 



and 


H 

4>(-p) =f(x) 

V 


v2 

tip) = — X 

V TT 


» 24 

1 G 

■ ^a 1 

i 55 



A (2, -i-(x+m) ), A (2,- i - (X - m) ), - i -i» ■ 


<t> (>) dy (4-2) 


The above result is obtained by taking r =r in the above stated theorem 
Theorem 3.2 : Putting r=B and ;=1 in the theorem 3, we have that if 

■ vv - 


P(P) = f (*) 

V 


X G 


3/2 -n J — « 

■f(p)=2 XTT x^rx 


l+4n. 3+2n I 4 ‘ ^ 


( 2 r'\ 8 d I A (2«j- i-(X+ni) ), A (2».-i - 


(A-BJ) )> -i-io U 


i-H i+4o. A (?».-2 a), 


provided that R[X±m + (|io) n + 3/2]>0, R [4±»]>0 &nd f(x ), <i> (*) both 
€ L (O, 00 ) 

Tkorem 3,3 : — Instead if we put r = 1 and ^ « it gives that if 

W 


^ (p) =/w 

V 


, , , 2- v' n . 

'f'(/’)= — X 


« 2n,4 

X G 

$ n + 4, 3n+2 


‘ 4 

(2n)a« “ 


yJ A (2,-4-(X+f7i)), A(2,-i-(X-n!)), 
^ A(«,i-^!^), A (n, i + A (2.-2X), 
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where R [X±m4-(J±i;) l/n+3/2 >0 R l:P)>0 and ^ (;?) both belong 

to class L (O, 00 ) 

Further if we put n=2 in the above corollary’ it reduces to the theorem 
given by Varma G. B. L. (9). 

Tjs 

Theorem 4 If / ( a: ), ^ (*) L (O, eo ) 

also R [o+3/21>0, R [\±m+(c+3/2) r/f +3/2|>0 
, W 


<P (P) =/ (*) 

V 


’‘i ,+4,,3,+2J^' A(.,i+S.), A 

If we put T’^s then by virtue of the formula* (2.7) and (2.8) vre obtain the 
theorem that if 


'}' ip) * (27r)^“ *■ X (2 f)^ X (2 s)^ X 

(2rl*' >2« 1 A (^1 i+ i"). A (Zr,— (X + m)), 

^=4r-. •A-.' A f2r.-J- 


W 

^ TT^ 


Xi>) = /(*) 

9 


2 




^ (/,)= -±_.. A_x ^ ^ 

TT ;,o+3/2 j 7y4^(j,y2+x) | 9/4 + (ry2+A) | p+3/2 



1,2+ A±g±l. 3/2+ 

7/44'p/2+X, 9/44-p/2*-J-Aj d4-3/2, 3/2., 



^0 + 3/2^ (j) «(? 


(5.2) 


provided that R [X±m+ (d+ 3/2) +3/2]>0, R [o+3/2J>0 and the function* 
/ (a:) and ^ (*) both belong to the class L (O, co ). 
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keen interest in the preparation of this paper. 
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qTUDY OF heteropolysalts WITH TETRAVALENT VANADIUM AS 

THE CENTRAL ATOM 

part I— PRECIPITATION OF VANADYL TUNGSTATE 

By 

P. K. BHAT PAGHARYA* 

Chemical Laboratories^ Knrukshetra University ^ Kurukshetra 
[Received oa 22Qd March, i9o5] 

ABSTRACT 

Vanadyl sulphate, when mixed with, sodium tungstate results in the formation of a precipitate. A 
nductometric study of the reaction by monovariadon method showed that the precipitate is formed by 
She reaction of epuimolar vanadyl sulphate and sodium tungstate in 1: 2 ratio, ihe composition has 
been further confirmed by analysis. The substance can be represented as Nag [VO ( WO^.)^ ]. 

Alkali tungstates are known to be precipitants for several cations.^ The cationic 
nature of the vanadyl ion (VO'^+) is well established, its ferro and ferricyanides^ 
being precipitated. In this work an attempt has been made to study the reaction 
between vanadyl sulphate and sodium tungstate, this being a prelude to the study 
of heterepoly tungstates with tctravalent vanadium as the central atom. 

EXPERIMENTAL 

Solutions were prepared by dissolving analysed samples of vanadyl sulphate 
(B D. H.) and sodium tungstate (B. D. H.) in double distilled water. Gonductance 
was used as the index for precipitation studies. 


20 



4 

0 


0 5 10 15 20 

fig. 1. Vol. of sodium tungstate in ml. 



Fig- 2. VoL of vanadyl sulphate in ml. 


The curves A, B, G, in fig. 1 were obtained when varying amounts of sodium 
tungstate solutions were added to a constant volume (5 ml.) of equimolar vanadyl 


^Present address : School of Studies in Chemistry, Vikram University, Ujjain (M. P.) 
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iulphate solution following the mohovariatiou method, the total volume being made 
25 mL in each case by adding distilled water. Curves A, B and G correspond to 
M/20, M/30 and M/40 equimolar solutions of the reactants, respectively. The same 
reaction when studied in the reverse way, i. e. by varying the volume of equimolar 
vanadyl sulphate, yielded two curves A and B in fig. 2, standing respectively for 
M/zO and M/dO equimolar solutions. 

The breaks in^the curves in fig. 1 and 2 correspond to the formation of a 
precipitate by the interaction of one molecule of vanadyl sulphate with two mole- 
cules of sodium tungstate. The composition of the precipitate will be Na^ VO(WO^)i 
according to the following equations : 

VO SO 4 f Na^WO^ VO WO 4 + Naa SO* 

VO WO^+NaaWOi^Naa [VO (WO^)^! 

The composition of the precipitate has been further established by analytical 
studies. The precipitate was filtered, washed and dried. Weighed quantities of 
the precipitate were ^dissolved in hydrochloric acid and the amounts of tungsten 
and vanadium present were determined by precipitating barium tungstate® and 
titrating the filtrate against standard potassium permanganate®, respectively. The 
results tabulated below correspond^to the composition iMa 2 [VO(WOj 2 ] 

TABLE I 

Naa [VO (WOJ ^ ] requircd--V = 8.652%, W« 62.254% 

Found— V=8.633%, W=:62.236%. 

The compound can also»be represented as Na^ 0 .V 02 . 2 W 03 and represents 
the first stage of the^condensation of tungsten and tetravalent vanadium anhydrides 
to form the polysalt. 

Thanks are due to Prof. S. M* Mukherji, Head of the Department of 
Chemistry, Kurukshetra University for providing the laboratory facilities. 
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CATALYTIC ACTIVITY OF KOHLSGHUTTER^S RED SILVER SOL 
STUDY OF THE DECOMPOSITION OF HYDROGEN PEROXIDE 

By 
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Chimical Lahoralotus, Unmrsiiy of Allahabad^ Allahabad 
[Received on 15tli September^ 1964] 

ABSTRACT 

Silver sols of dififerent grain sizes have been prepared by Kohlschiittfr's mcthodl Ufflkr 
controlled conditions a red sol with Xmax optical density (log 1.3^ is 

obtained. The catalytic decompositian of hydrogen peroxide by the nascent red sol a prf £tJ aged 
samples has been investigated. It has been shown that the rate of decomposition of H O in the 

pcrscnce of the colloid catalyst is a second order process for dilute solutions of H^O^.and the second 

order changes to first when the oncentration of U increased. The energy of activation for the 
catalvtic decomposition with the nascent sol is 16,290 calories and increases to 17.850 calories for the 
17 days aged sample. Adopting odorimetric methods the changes in the stability of the colloid 
catalyst with age have been investtgated. A decrease in stabilitv and catalyt c activity with age is 
observed. A suitable mechanism for the colloid catalysed decomposidon is pioposed and discussed. 

The catalytic decomposition of hydrogen peroxide by platinum, gold and 
ferric hydroxide sols has been investigated by Bredig^, Suito^ and Kepfer and 
Walton®, Extensive study of the decomposition of hydrogen peroxide in aqueous 
solutions by several hydrous oxides has been made by Ghosh and coworkersA 

It is well kno.wn that dissolved argentous silver is not noticeably catalytic 
for the decompositian of hydrogen peroxide. In fact, 90 wt % hydrogen peroxide 
can be saturated with silver nitrate without effect. Similarly, the metal and silver 
oxide in small proportions are soluble and are thereby rendered non-catalytic* 
In the presence of a little alkali, however, this tolerance is markedly reduced 
and the addition of argentous ion, metal or oxide quickly produces a precipitate 
which initiates the decomposition^. V\e have observed that colloidal silver of 
different grain sizes considerably catalyse the decomposition of hydrogen peroxide. 
In a recent communication,® we have described the catalytic decomposition of 
hydrogen peroxide by Kohlschiittcr’s violet silver sol. In this paper we are pre- 
senting our results with the red variety which by spectrophotoraetric studies we 
have shown to have average bigger particles yet is copablc of exhibiting consider- 
able catalytic effects. 

experimental 

The red coloured Kohlschiitter’s silver sol was prepared by the reduction 
of a freshly precipitated and thoroughly washed sample of Ag^O by hydrogen under 
controlled conditions. It was observed that slow reduction of the Ag^O suspension 
at a temperature of SOihO.l'^G gave a stable sample of the red soF. 

An aqueous solution of Mcrckozonc was used throughout the investigations 
which contained some stabiliser. No attempt was made to purify it so timt the 
rate of self decomposition could be kept low. 

For kinetic study several 100 ml. pyrex conical flasks each containing 25 
ml. of Kohlschlitter red sol were thermostated at 30^:0. 1®G. Another flask con- 
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taining a standardised hydrogen peroxide solution was thermostated at the same 
temperature. I he flasks were wrapped in black opaque cloth to avoid light 
influences. 5 ml. of hydrogen peroxide solution was then pipetted out and added 
to each flask after an interval of one minute. The flasks were taken out one after 
the other after fixed intervals of times and the reaction was checked by adding 
20 mi. of ice cold sulphuric acid (4N). The undecomposed H 202 ^ was titrated 
against a standard solution of KMnO^ from a microburettc. 

In the following tables the results on the rate of decomposition of HjOj by 
fresh red silver sol are shown. The silver content of the sol was .001038 gm/ 25 
ml. of the sol with pH = 9.i5, 

The decomposition was studied at four different concentrations at 30 ±0.1^0. 
and represent first order and second order constants respectively. 

Fresh SoL 

TABLE I 


Rate of decomposition of 





0.2N JdjOj 

O.IN H,Oa 



Time 


*1/2.303 

*i/2.303 



Minutes 


xio^ 

xio^ 



0 


... 

• a* 



10 


9.70 

67.50 



20 


9.75 

59.60 



30 


9.56 

58.83 



40 


9.52 

54.75 



50 


9.34 

51.30 



60 



51.30 





TABLE 2 






Rate of decomposition of 





0.05 N H 4 O, 

0.025 N HiOi 

Time 


*1/2.303 


*i/2.303 

*a 

Minutes 

X103 

xio* 

XIO^ 

xio* 

0 


..M. 



«•* 

3 


21.36 

55.75 

23.84 

6.31 

10 


19.11 

55.27 

30.28 

10.08 

15 


17.32 

54.54 

26.52 

10.00 

20 


18.84 

69.04 

23.42 

9.70 

25 


17.08 

66.73 

21.50 

9.79 

30 


16.31 

69.54 

20.66 

10.55 
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Energy of activation 

The catalytic decomposition of 0.1 N was also investigated at tempera- 
tures 25® and 33®G. and the energy of activation calculated from the mean values 
of the first order rate constants comes out to be 16,290 calories for the temperature 
range 25®— 35°G. 

10 days aged sol 

The red sol was allowed to age for 10 days and the investigations made 
earlier with the fresh sol were repeated with the aged sample. The pH of the 
sol was 9.15. 

TABLE 3 

Rate of decomposition of 


Time 

Minutes 

0.2 N H,0, 
fc./2.303 

xio* 

0.1 N H,0, 

2.303 

xio* 

0 

• •• 

• •• 

10 

15.90 

49.60 

20 

15.75 

47.35 

30 

14.60 

43.20 

40 

14.37 

42.20 

50 

13.50 

40.14 

60 

... 

44.33 


TABLE 4 

Rate of decomposition of 



0.05 N H,0, 

0.025 N HaO 


Time 

ii/2.303 

^2 

*,72.303 


Minutes 

Xi03 

X10‘ 

xio» 

xw 

0 

5 

14.74 

39.96 

15.14 

39.04 

10 

14.51 

39.60 

14.15 

38.54 

15 

13.56 

39.83 

13.38 

39.15 

20 

14.96 

49.60 

13.38 

42.59 

25 

13.99 

49.69 

11.90 

39.36 

30 

12.56 

46.03 

12.56 

45.03 


Energy of activation : 

The energy of activation of the reaction with the 10 days aged sol wa§ 
found to be 17,560 calories for the temperature range 25®— 35^Gt 
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11 days aged sol : 

I'he red sol was allowed to age for 17 days and the investigations made 
earlier with the fresh sol were repeated with the aged sample. The pH of the sol 
was 8.90. 

TABLE 5 

Rate of decomposition of 


Time 

Minutes 

0.2 N HA 

fci/2.303 

xio^ 

0.1 NHA 

kJ2.m 

xw 

0 


• •• 

10 

11.40 

29,20 

20 

11.60 

29.25 

30 

11.43 

29.80 

40 

11.20 

29.50 

50 

10.40 

29.05 

60 

10.75 

28.98 


TABLE 6 

Rate of decomposition of 


0.05 N H.,0, 


0.025 N HA 


Time 

kJ2.m 

Time 

Ai/2.303 


Minutes 

xio*. 

Minutes 

xio^ 


0 

••• 

0 



10 

55.50 

5 

. 30.00 


20 

57.30 

10 

38.10 


30 

blM 

15 

40.45 


^0 

56.90 

20 

34.86 


50 

57.80 

25 

38.10 


60 

55.26 

30 

30.08 
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Energy of activation : 

Tlie eaergy of activation of the reaction with the 17 days aged sol wa^ 
obtained as with the fresh sol and it is 17,85) calories for the temperature ran^e 
25°-35^a 

Maximum absurbancs and optical density 

Employing a Unicam S P. 503 spectrophotometer the maximum absorbance 
of the nascent soi is found to be at 430 and this \^alue remains unchanged as 
the ageing progresses. Ihe changes in the optical densities with age correspond- 
ing to this wavelength are recorded in the following table : 

TABLE 7 


Sol 

Optical density -^iog IJh) 

Fresh 

l.StiO 

10 days aged 

1.125 

17 days aged 

0.960 

Stability oj the sol 


Our results on the investigations of the change of the stability of the sol with 
age employing a Klett-Summerson photoelectric colorimeter are summarised in 
tiie following table : 


TABLE 8 

Sol 

Amount of electrolyte necessary to 
bring Kiett colorimeter reading to 
172 in 30 minutes. 


M /10 KNOg M/200 Ba (NOa'a 

Fresh 

1.00 ml 0.84 ml 

10 days aged 

0.86 ml 0.80 ml 

17 days aged 

0.60 mi 0.70 ml 


DISCUSSION 

From the foregoing tables the following conclusions are drawn. 

1 i The rate of decomposition of HgO, in the presence of colloid catalyst 
is a second order process for dilute solutions of and the second order changes 
to first order when the concentration of H 2 O 2 is increased. Percentage decomposi- 
tion of decreases with the increasing concentration of 
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evident from figs, 1-3 that a decrease in concentratioa 6f ia th* 
system produces a departure from the straight liaes with a do. vn ward beadlag 
when log ajia-x) is plotted against t. Such a bending curve indicates a shift la 
the first order reaction towards second order (figs. Ic, ID, 2ch Figs. and 

2A,B and 3A,B are straight lines showing that reaction is a first order process for 
0.2 N and 0,1 N HgOjj throughout the course of investigation. Ageing de- 

creases^ the stability of the sol, hence addition of 0.025 NfIjOg immediately turned 
the colour of the red sol to violet indicating an increase in the size of the colloidal 
particles. Such an increase resulted in a decrease in the rate constants for the 
decomposition of 0,025 N instead of an increase as compared |to rate cons- 




Fig. 1, Plot of lirr.e versus log ajia^^x) for red sol, 
CoDC. of Hji Ojj-A : N/5 ; B : M/lO ; 

C: N/aO ; D: N/40 


Fig. 2* Plot of time versus log a/(a- x) for 
to days* aged Sol. 

Cone, of H20^ same as in Fig, I 



Fig. 3, Plot cf time versus log ajia-x) for 
17 da^s* aged Sol. 

Cone, of same as in Fig 1 
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t^nts far 0.03 N H/jOa (table 6}. Tha la^reass in the pirticle size brought abaat 
a shift ia the order of the deco uposltloa which is aow Erst order and not secoad 
order as with the fresh sol. 

2. The rate of decompositioa has decreased slightly with the 10 days aged 
soiaad appreciably with the 17 days aged sol. 

3. Employing the nascent sol, it is observed that the activ ation eno-gy is 
16,290 calories which increases to 17,550 calories with the 10 days aged sol and 
ultimately attains the value of 17,850 calories for the 17 days aged sol. This 
clearly indicates that as the ageing progresses the rate of decomposition decreases 
and the catalytic activity of the sol diminishes. 

Absorbance measurements show that Xma^ for the red sol is at 430 
Comparative values of absorbances at this Xmax» however, indicate that the values 
decrease with age. This shows that the overall absorbing surface is decreased 
and the particles become bigger and bigger as ageing condnues. 

Decomposition Mechanism : 

The decomposition of hydrogen peroxide in the presence of different cata- 
lysts gives usually the same simple products viz,, water and oxygen according to 
the following : — 

2HaOa ^ 

The pathways suggested for such a decomposition, however, may not be the 
same in each case. The mechanism of homogeneous gas phase decomposition of 
hydrogen peroxide has been given from energy considerations®. The rupture of 
hydrogen peroxide molecule can take place in only two possible ways viz., 

(a) The breaking of OO bond to form OH radicals. 

{b) The breaking of O-H bond to give an HO^ ladical and a H atom. 

It has been reported that the energy required to break a 0-0 bond is 52 K 
cal. per mole while the energy required to break a O-H bond is 90 K CaL per 
mole. Therefore, breaking of 0-0 bond is more probable in the first step of de- 
composition of hydrogen peroxide producing OH radicals which initiate a chain 
mechanism. The above hypothesis is supported by the work of Urey, Dawscy 
and Rice'^. 

It is well known that adsorption of the reactants on the siuface of a solid 
catalyst is the primary process ia ail heterogeneous catalysed reactions. It appears, 
therefore, that when H^Og is added to the colloidal silver an adsorption complex 
is first formed on the colloidal surface and H^Og becomes reactive due to weaken- 
ing of the bonds. Thus 

[SJ+HPg >IS]OH-OH ... ^ (i) 

(Colloid surface^ (Adsorption complex) 

This adsorption complex reacts with a molecule of the hydrogen peroxide 
as follows : — 

[Sj OH - OH+HaOj » IS] OH+HOj+HjO ... (2) 
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f'he tlOa radical produced above iaitiates the chain reaction 

HOa+II.Oa > H2O+O3+OH ... ^3^ 

OH+HjOa s tlaO-j-HOj (4^ 

To explain our results the step ( 2 ) appears to be the rate determining step, 
The concentration of the adsorption complex is proportional to the concentration 
of the hydrogen peroxide when dilute solutions of are employed hence the 
step (2) will be a second order process in dilute solutions of HjO^. At higher 
concentrations of HgOa, the concentration of the adsorption complex becomes inde- 
pendent of HjOa concentration and the reaction becomes a first order process. When 
the surface of the catalyst, however, is very reactive the weakening of the bonds 
take place rapidly and the rate determining step becomes fast so much so that 
the decomposition process becomes zero order process. In the case of yellow sol, 
the surface being very reactive the order of the decomposition changes from 
second order to first order and tends to become zero order when concentration of 
HjOa is increased as expected from the above mechanism. The surface of the 
red sol being less reactive the order of decomposition changes from second order 
to first order as the concentration of HjOa is increased because the step (2) does 
not become considerably fast. The above mechanism, therefore, clearly explaim 
all the results of our investigations presented in this paper. 
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[Received i£th April, 1964] 


1. The Ultrasphcrical polynomials are given by 

a-9xt~t^r^ = {*)i° 

0-0 

and let 

(1.1) /A (*) = |^Pn^ (*) 

The pure recurrence relation of the Ultraspherical polynomials ii given bv 

{l,p. 175] 

(u+1) Po+A (*)=2 (n+X)*Pa^ (*)-(«+2x-l)Pn-A (*) which for the func- 
tion (*) of (l.l) becomes 


(12.) ./d+ 1^ (*) — 2*/n (jf) — I /a — 1 (*) 

where Cu-i of (1.2) is given by the relation 


(1.3) 


(« -i-l)( « +2x) 
(n+i-|-X) (>* + Xj 


From (1.3) we easily find 


(1.4) 


_ » ^X tX- 1) c2H-i-2x-y4-l.‘ 


we have 


(*)-1,pA (*) = ‘-X*,pA (*)=2x (l-i-X)x^-X 
pA ,_*j = ‘A(i4-xj(,2-i-A.- *--2x* (1-rXj 
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and from them we easily deduce 


/o^ W = 2 ;c,A^ (X) -4 a:'—- 

(1.5) 

According to the Associated function of the Hermite Polynomials i2, p. 116 
121], the Associated functions of the Ultraspherical polynomials are defined as 

(1.6) An,t.k«. (2) = Zn*h (a) 2n+k (x) - «n (*) Sn+h+k («) k > h 

where Zo (ac) is either /n^ (x, or (a?). 

In this paper expansions and recurrence relations of the functions given by 
(1.6) have been derived with the help of (1.2;. The values given by (1.4) and 
(1.5) are extensively used. 

2. Now 


(*)? -/n^ (*) (*) 



—^+1^ (a?) [2Af/n^ (a?) Cn—i/jx — % (a?)] 


W l2^/n.x^ {x)\ 

(2.1) 

i/n— ( a^J / n+l^ (AC) 

(2.2) 

r An — H:* (/) + (^n “ i) WJ 


Repeated use of (2.2) with the help of (1.4) and (1.5) give 


(2.3 


Ami.i:.(/)=2x (x-l) 2 '’ 

r*o 


( •" ypr ( — ** 1 )r 

(-W~\+l)r C«+A-l-'r)3 


X l^/n— (A?) j- 


Writing (2.1) as 

(2*"^) Aa3i>l:X (/) Ari— : aa:x W/o+l^ 

and on the same lines (2.4), (1,4) and (1.5) give 
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(2.5) 


A (f) — ^ (l+2A!'n 1 2» A _ n 


X 2° ^ l)r (-fl — 2k) T fn — r — ft^ — (i^ ) 

r-o (-~?I~-X)r - X~i)r («-r— l-fx). 


J V 

{x)j ix) 


Now 

(2.6) Z)kQ>l>i :3c (P) 
and using (l.l), (2.6) reduces to 

(2.7) (,) (.)+[j^;y]’ 


21d.Ii1:x (/) 


( 2 . 8 ) 


-a-1 




(X + «)(/7+2) I * n\(n^2)l 

Now «2.7) witb the help of (2.3) and (1.1), reduces to 

A (V'\— (^~X) P ^ fr) P t ^ ^X+?*)^ 


X2 ° 2X4" 1)^ ( — X"‘W-t“l)y 

'-o(— n)r(— X““n)r (n+X- 1 ~r)3 


P X 
n-or 




and with the help of (2.5) and (l.l), it becomes 


Anji>:»‘» (^) 




.Pn^ (^) P.,2^ («]+ 


X(2X)n4.i 


(n+l) (A+n+l)^“ v'7 . i)i (l+X+«) 

I 2X(X-l) (X+n- 1) n-i (-n-2x;r(-X-«+2 r 

Wi ’-° ( — «-X—l)r( — «+ l)r ~ ^ + ^)3 

Pji — r— (*) Pn — ^r+i^ (*) 

Similarly (2.8) with the help of (2.3) and (2.5) becomes respectively 

A fP") (X ■ 1) Tp ^ fvl 1 -i- X (X — 1) 

Ana.»:xCP)- (x+n)(«+2) [ (n+l )2 


X S 


(_n-2x t- r.- (— X— B+ 

'r-o ( — n)r( — X — n) r(n + X — 

[ ?01 I 


■!-r)3 [ 


Pn-r’' (X'^ 



and 


. /ON 

iSn^uuxKn {x+n){n+2) 


M + 2)^(l±2\)n 

-n) (n-f 2) n! (X + n) (nf 2) 


2\ (X— 1) (X+n— 1) (\ + «+l) 
n (n+2) 


X s” ^ 2x)r ( - X n-|~2)rPB — r— 1 (a) Pp .rxi \x) 

r_o (-n-x— l)r (-n 4 -l)r (n— r- l-i-x'is 


we have from (1.6) 


Atm>2:=t (/) "■yi'+l (*)yn+! (*) W/n+J (*) 

=2«An.l.l.=c (*) /n+l^ (^) 

whicli can also be written as 

AiiiI>2:x /n+'l (^) “ ^n— I f'^)./nf2^ (•^) 

(2.9) — 1 Z\n— nisa-x (y*)“b(^n+i fn {x) 

From (2.9) wc can get the expansion of (/) simlar to (?.3) and (2.5). 

Now 

AnutStX (/) = 2jif An,i 2:x (/) + Gnf 2 /n^ (^)/nf 2 ^ W — ^u +1 

=2;c A , f i ^_(^+2) (ft-f I -b2\) ^ ^ 


and also 


L}_f ^ W ^ (x) 


An.X.3:x </ ) = 2a An.l.a:x (/ )-flr+a AnO.l:* ( / ) + («„+! “ an+l)[/rA W]' 
by which we can have similer expansions of An»i»T x (/) 

3. We have from (1.6) 

Au.i,k:x(/)=/„+i^ (*)/iH.k^ (*) -/n^ (*) /n+k+i^ (*) 

= an+lc-j/n^ (*)/n+k-l^ (*)— («)/n+k^ W 



l3.1) =an-l An— (/}+ .-i) /n^ W/rH-k-l^ (* 

Repeated use of (3.1) gives 

(3.2) An.l-]c:x (/) = AX (X -1) 

^ ( — »)r ( — n — 2x-^l)r (2n4-k-\-2\ — 1 — 2r) 

"r-o'-»-x)r ( - n— x+l)r (n+X- 1— i-}a >+X \-k-\ - 

+/n-r^ (*)/n+k-r-/ W 
of which (2.3) is a particular case and also 

(^•^) Zin>l lc:x — i Zlin — l l»lc:x ( / — 1 

/n-l^ (*)/n+k^ (*) 

Repesated use of (3.3) gives 


(3.4) 

n -1 

X s - 
£-0 


Z^n»lJlc:* (y ) 


(^Wl ^ Dn- f-l 

(^+X)iH-i (^+x— l)n+i 


/k — i 


(X *- 1) 


jl; ( , g ^ ^4. 1 ^2xir (2«+ ^ -2f +2x - i ) 

5^ — «~^+l - X)r ^ - X)r (« - r - i +A)2 (W+ifc— f - 1 +X )2 


of which (2.5) is a particular case. 


We also have 

<C^n»iJk:x Antl»ir~l:^ (^ )"t“^n4k — iJ^n (^) j^4k“~l 

“ ^n4k“-s/n4l^ (^)/ri-fle-^ W 


Ai^l.fcx (P)=Pr.+l^ (*) 
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Now 



and using (l.l) we get 


(3.5) aB.l.l.,!! (f)- 


P/ («) (.) 

Z^n>l'k;x if) 


(3.6) 




From (1.1 (3.2), (3.4), (3.5) and (3.6) we get 


An>l’fcx(P) + W Pn+fcH 


1 ^X(\ ““0 (X“i”n) — 1) 

(«+iT(^+^) 


(-«^2x+I)r (-X-n-fc+2)r (2»+&+2x-I-2r) 

^ ^r-o ( - rt-\)r ( - « -A:-fl)rT^-f-X - i a («+X + A; - I - r)^ 


Pii— r (^) I^n+k— r— ( a;) 


An>l>k:x (^) 


— ^jX * 1) p X 

(X+W) (n4“^+l) 




(x) + 


A)X(X-— 1) Oa 

(«+^)2 


X — n— *2x4'"0r ( -"X— "-A;-i-2)r (2n"4“^+^X— 1 — 2r) 

r-o ( W*“X)r (■“ ^ “"■ l)r (^*4“ X*~" 1 “"^)2 (^"l“X“i"^ — ^ “"Os 

(a;) (.^:) 

_i_ (^Vi+k (X.)n+l Wn+1 (^ + 2X— 1 )k+i (A— 1)1 ()t) 

(”+^)l ("+iJ (^+X)n+i (^+X— l)n+l (X)k— 1 

^ fcX(X-l)(\+n-l )2 v°~H -X-n+2)t(- n-^4-l-2x)r (2«+^-2f+2\- 1) 

Wz r-o(— n— A-X)r(“n+l,'r(n-r- l+2.)j (n-f A-r- l+Xjj 

(*) P,,+k_,^ (*) 
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I. 



and 


in»l»1c:x 


(P)=- 




(X+n) 1) 


t'n+i 


P. 


n-fk 




t (Xn) <X)n-{-k4-l Wn-H C^+^X— 0n4-i (^ —"1.1 Pjr— 
^nl ^n+^+l)i (^+X)n.H + X-- 1 V.-M 


, ( X+n - 1) (X+»+^) (fcX) (X - i ) 
n 1) 


(_ X^i*+2)x (-n-fc+l-2x)x (2n+fc-2f+2x~l) p X p X 
^.o( - X)rT^n+ l+X);(n+&^ {x} 


Now 


£Xn»2 k:3t {.J ) ZXn»l k;X ( / J ^ k^} j/fi+k (^)* 

and using the expansions of AnU’kx (/ ) 
expansions of Anjst kx (/) '^^ have 

(3.7) Ar.5l*>k:x (/ )^ ^ Ai.ih k-~I:x (^)/r.'i-k +k-2 (^; 

^n+k — 2 /n+k — 2 W* 

4. Particular 4aie$ : The Tchebichef polymials are Ultraspherical polyno- 
mials with X = o and 1. From (l.l) it could be seen that 

Un(^)-/nM^) 1,2,....,. 

and for both of them, from (1.3) we get 

(4.1) a,^l 

giving us the recurrence relation 

(4.2) ^+1 (^)” (;f) j (jf) 

where {x) is either {x) or (x). The identity (4T) simplifies all the previous 
results. Writing 


i^) — ^-b \Xj (x) — (x) ^n.k+b 
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where (x) is either (a?) or Un (3.7) becomes : 


Z^nsh^k.'X — l:x An*^>]t — 2>:x (^) 

which is a recurrence relation of the type (4.2) and with its help we deduce 


iAn’lisIcrx (h^) — 1 (^)* — I (^) 

(T)*^ (^) (^) "~"^3c+k (■^) 


The last two results are Trignomctic identities. 


I am thankful to Dr. B. R. Bhonsle for his guidance in the preparation of 
this paper. 
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Rangarajan has established the following scries : 



m 

Pm-i-n 


(cos«)= 


^ f2m-\ n \ f $m{^-a) y ® 

f J \ sma I Pm+n— " 


(cos^). 


Using the above senes we have evaluated certain integrals 


1. INTRODUCTION 

Rainviile [12] established the following series for Legendre polynomials: 


(IJ) 


f sma 






Using the above series, Bhonsle f2,3] evaluated certain integrals. Later, 
Garlitz [71 established a series similar to (LI) for ultraspherical polynomials. 
Chattrjea [8,9] made use of the series established by Garlitz to evaluated certain 
integrals. Recently Yadao 116] has established a series similar to (l.l) for associa- 
ted Legendre functions. There was a slight omission in the series established by 
Yadao, which has been rectified by Rangarajan (13]. In this paper we shall make 
use of the series given by Rangarajan to evaluate certain integrals. 


2. SERIES FOR ASSOCIATED LEGENDRE FUNCTIONS 
Rangarajan has given the relation 


( 2 . 1 ) 


(sj^\ 

\sma/ 


m+n m 


(co5a) = 


/ sm • 


r- n 


sma 


«/i f 

“ I 


m 4 .^ 


fcosjS). 


Putting p=2a and cos 2a we obtain 


( 2 . 2 ) 


/in4n}/2 (cD-fnl/i 

2 ^ ,1+*) 



(*). 
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3. SOMB INTEGRALS 


Using the orthogonal property of associated Legendre functions 


1 


( 3 . 


') f r ■” dx 

J OUJ ^2n+l) (n -m;l 


~1 

we obtain from (2.2) 
1 


r3.2) ( (1+a:) p ('/1+^) P {x) dx 

\ J J ^ ‘ m+n 9 

- I ^ 


(2m+«)l 


2.(m+D'-a)/2 (‘27724-2r f 1) (n — r)l rl 
Bhonslc and Varma [5] have given the relation 

(3.3) ,,t.”(,), 

where 


r = m 


have 


(3.4) 


_ 2" (2f+l) 

(s + r-j- 1)! (i — r)! 

Combining this relation with (2.2) and using the orthogonal property, we 


1 


J {1— J:)“ya (1 +a:)*+“. 2 p“ / ^ 1 4 a? \ 

— 1 m+n \ ^ / 


dx 


(2m r n)l (2^-f n+l)l 


2(n.+o-»^-a)/2 1)1 ■ 

Bioch [6) has recently given the relation 


(3.5) 


Im [f(A=*-l)^ ]= I 


CO m /m+D 

{X) 


n=o'*“‘+" ' ' (2m+n)i ’ 
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where 


i» (*) = s 


Gombiniog this result with (2,2) and using the orthogonal property of associa- 
ted Legendre functions, we have 

(3.6) / {l+x) (“+“).» t» U [<(** I (V i-~ j dx 


{2m+n;\ 1“ 


• L2m+1, m-i-312’ *J- 


2(“+“-*).'’^(2m+l)In! 

With Thosar’s [ 15 ] relatioa 

(3.7) (1 -**)°>/* = („ - m)l S 2^^’{n-r)l p“ 

,.o (2«-if+J)l - - w. 


il-~Sr 


where m is an integer ^ n, and (2.2j, we obtain after using the orthogonal property 
of Legendre functions 

(3.8) i(i+*)-+->;‘ (I ( ,l4_?LVx. 

_ 1 n+n V 2 J 

_ ( 2 m-\-tt)\ n\ p (flj— »)/,, ('m— B-f- 1 )/, _ ,*1 

(2« + i)l ml 2 (“-a-a) .» 3 * L(m + 1)/„ m/a+ 1 * ‘ J 

Again we have the relation [ 11 , p. 264 ] 

(5. 9 ) (1 - 2 xl+t^fl* Pjf- ] = 2 ( (*) i-tf 

Taking p-=m, v=n, m and n being positive integers, we have 


' ' rasO 


Combining this result with (2,2) and using (3.1), we have 
I 

( 3 . 10 ) J (l + x)(”+") *(l-2x«+;*K'« j 


- 1 


X - i 




dx 


(2'n-4-n;l 


2 (“+n ^).3 ml [It - m)lC 2 n+ \} 
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(l-2«t+/3)'/- 

|j r— n-m, m-a, - a—’; , T 

L -nfi, m-fl J ■ 



Also we have due to Baily [1} 


(3.11) 


m na 

(*a-l)in/*P (x)P («) 

• P 


2“ ((» — rw 1 (?— t"/l 


X 


m EH 

Ar.m \-f \-r l'2j> -|-2g+?W - 4f + 1) 
A 7“ . (2/) + 25+2m-2r + Ij 

(p+q+m— 17 


m 

P 

pf q+m -^r 


(*) 


where 


A” 


= iik_ 

(j + m)!’ 


Af)] 


(i - m''r . 


p, q, m being all positive integers such that^ ^ q-{-2 m^q ^ m. If n =p-^q, combin- 
ing the above relation with (2.2) and using (3.1), we have 


(2.12) j\l+A:)(»tP+,)s(.a-l)-/s 


P (*)P {x)dx 

p p 


_ ( 2m4-/>-hg)i (i)p r(^+ g) 

r(3/2+/>+j + »n {p-m,\ (q-m)\ 2(*“<-p+‘i)ia 

i-m,-m-p,-m-q, -i-p-q-m,- p+q _ P+g-1 i 


4 .. SOME GENERALIZED INTEGRALS 
We have the integrals [5] 

1 

(4.1) J (1 -a:®) ”/* C1+*)" P“ (*) dx 

-1 

I)-°i»2p-<-°>+i r(m + n-H) r(^-l-n r(/.+rn+l) 
ml r(n— m+i) f(^4.m-l-n+2) P^p+m— n+1) 

I 210 ] 



where ;) > -m — I, wi being a positive integer and n unrestricted ; and 
1 

(4.2) r ( i 

J n 

- 1 

1) r( 1) 

r (^i-n -m 1-2) r(^— m-/2i-l) * 

m and n being unrestricted and p>m-l. 

Substituting x=2y^— i in the above two integrals, we have 

(4*S) J^^m4-2pii (y2 ^ p”'(2/ - \)dy 

o 

_^r(m+?> +^) r( p4 “i) ^ 

2 ??2l f(ii-md-l) t m + »-|-2) 1) 

=0, i{ p<n^m, p and n being integers} and 

( 4 . 4 ) jSp-m+l (l_/)-n>;2 p”(2>*-l) tfy 

J n 

0 






) )m;s p (2*®- 1) rf*. 

m+g 


On uiing (4.3), we obtain 


1 »= Op r(2m + j + l) r(.5 + m+ 1) 
'“2 ml r(2m4-2^ + 2) 


Therefore 


(4.5) 


n Z 

I a I nn—m —m 

J (-) ‘ ^ * 




v«+m+l p i 

\ ^”1 


(*)... 




(*) 


P“ (2*>-))rf* 
•+» 

- K"* / (-l)"f (2 ^,+2wpn r(2m + i+l) r(i+m+l) 

r=i I 2“, j>jl /2‘+i r(2m+2i+l) 


5. DERIVATIVE OF THE SERIES 
In relation (2.2) replacing m by 2 m, we have 


(5.1) 2”+"/»(!+*)m+Wa 

Bhonsle [4] has shown that 


4.11 +fl 
n~r 


p2m 
2m + r 


(*). 


(5.2) 



^(2m+n)l ml 
“ 2>>> (2m)I (n-2m^’ 


Therefore, diSerentiating (5.1) successively m times, we obtain 


_(4oi+njl ml2° 
2“ (2m;l nl ’ 


I wuh to express my sincere thanks to Dr. K. N. Srivastava for his kind help 
and guidance during the preparation of this note. 
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ABSTRACT 

In previous papers, I have studied the properties of the function, 

^ \=o rci+x+r/ 

which reduces lo Lommers fuaction for aud to Maiilaad's fuactioa ' for \= o. 

The object of this not is to establish some integrals involving this function. 

1. In previous papers, I have studied the properties of the function 

which reduces to Lommers functioni^^ for /**= 1 and to Maitland^s function (2) for 

X = o. 

The object of this note is to establish some integrals involving this function. 


To begin with, we have (Wrighti^^) 


(i) 




for large x, where ft>o and A=» — 1-. 

l+/t 


(ii) 




.>'+2X-2 , 


for large *, where o < /* < 1 and R (A), R + \ - /t + 1) ^ 0, - 1,-2, ... . 

2. Using the result ( (4), p. 326) : 

1 

J V ^ ^ ^ - f^l + ,y 24 .v/ 2 -/*/ 2 ] 
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where R(^)< 1 and R(s) >o, to integrate term by term, 
we have 

1 

j p; W J “ ^ ipx^h -dx 

o 

^1/2 ^^+2y 

iS+Sy+p-/^ + 1 


« (-{i>V^y r(BI2 + p + y + f+\) r(iS/4+P/2^Y/2+r/i+l-W 3-P/2) 

^ Jo r;>+y+Tra+V+/S+“ 0 r(i3/4-fP/24-’//'+r/2+3/2+.;2-P/2j ’ ^ " 

where ;»o.a>o, R(M)<1 and R0S+2p+2y)> - 2. 

Particular Case ; If P- - jS/2, a =it and y = -2^ - v-/t, then 


/ * ''v w4._2/S-. -/#>"■)* 


24/‘-t-5)S+3v - 1 

= ^V»-,^^2.+2m ®l/2. 3/2-^ 


^ (-/"/») (2.1.1) 


where ^>o, R(P)< 1, R(i'+P+2^)< 1 and ^ is the generalized Mittag-LefBer’s 
function (5). 

3. In a similar way, using the result ( (4). p. 326): 


j *‘-1(1 - 


dx 


^ I ^ ^ r(I -m+v) (l+^/2 + m/2+v/i) 

where R(r) > o, we may prove that 

I 


= irV^ 


^‘^iS-4m+3v- 1 

i (-!)““ 

^3^ — 2^+2^^ 


ni +m 4- v) 

r(i - m+7j 


^1/2, 3/2+m-/8 


-piQ:. 

(3.1/ 


[ 2x5 1 



where p >o and R(-2/^+m • v)> - 1. 

4. Using the result ( (4), p. 351) 

2 

J" x‘-\i^x^rV^Tr>OI-2x)dx 


»Tt/2 

to integrate term by term, we have 


m 


r«(l/ 24 -r/ 2 ±n/ 2 ) 


-.(RW>o). 


/V (4-**p/aTo(l/2;f) Jj; (ax) dx 

- /n $ ( - 1)^ r(l + P + v+2r+2x) 

“ r(l+X+r) r(l+X+v+/tr) r*(l±»/i+P/2+v/2+f+Tr’^ 

where e>o, R(v+P + 2x) > — ! and p>o. 

In particular, for p«\*>o and p«2, we have 
2 

J / (4-*»)-^;a T„(l/2*) tJ(-*V/*) 

0 

= ira^’’ 2^^*' ” Ji/2+b/? + r/2,l/2-n/2+v/2 (W2)*/*)), (4.1.1) 

where fl>o and R(i^^ >o, 

5. The termwise integration leads to the integral 
00 




(i/^y 


■,xV+2X r. f V+^ 




2fl 


'^+x r(i+x) r(i+x+v) 




1,^+x 




4a 


i+x. liMl (ikhL 


) 


(5.1) 


vrhere a>o, A>o, R(v-}-/i+2x)>o and p is a positive integer, 
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In particular, for ^=£1, we have 
cc 

J ^ e scTfV (bt) dt 
o 


5^ ^ r I i 


2 gi(^+/^+^i Ij (<^4“ v+ I) 

where i 2 >a,^>Oj and R(<r+^)> — 1. 




i ^ 

2 

< 7 — y-|-.3 o ' 4 ' t '*- r3 

“"‘'2 2 


-^2 

4fl 


(4.1.1) 


6. Using Goldstein’s integral 

where R(/±»i+i)>o* 
to integrate term by term, we have 

o * ^ 

=r4 fa/ 21 *' r»''y/ 2 +/)/ 24 -l/ 2 4 -X±g } 

'*'''' r(i+x) i{i+\+v) i~vf2+pii-^x-p+i) 


(I, Vl2+pj2+ 1/2+X+ a, v/2+/>/2+ 1 / 2+X - a 
3 /i-jr2xl + X, v/2 + />y2-i-X — f'+l, (l + ’'+X)//*, (l + v+X;/^^,. 

where a>o, R(v + p+l +2Xi:2or) >o and /* isa + ve integer, 





(6.1) 


Particular Cases 
(i) P=o : 


Using the formula 

(f). 


we get 

/ Kc (*VjJv,x 

o 
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X 


- V''n'/./o\’'+2\ r »(v/2+;i/2+ \l2 + \iza) 

j(i+\) ru+x-t-v) r(v/2+/'/2+x4-i) 

P /l. v/2+;)/2+l/2+X + cr, v/2 + p/2+l/2 + X-a ;_a2/4^ \ 

( 6 . 1 . 1 ) 

where a>o, R(v-f/>+l F 2 X+ 2 cr) >o and is a positive integer, 

(ii)< 7 =i: 

Using the formula 

W (^) = 2-^ (2*)^ D2^_^ f(2*i/a)], 

we get 

D2^_^ («V2 ) JC X ("*) 

O ’ 


. /2.v+2\ oP--> 5/4 r(i^/2+//24-X+3/4) r(v/2+;>/2 + \+l /4) 
T(l+X) r(l-l-X4'‘V) r(v/2-4-^/2 + X — P 4" 0 


^ n, V/ 2 +/I/ 2 +X+ 3 / 4 , v/ 2 +;i/ 2 +X+ 1 / 4 ) ;-a 2 / 4 /* 

/r r 2\l+\, l-j-x4-v/2-j-/)/2 — P, (1+X+vj/p, (2-}-X-l-v)//i,..., (P'4-X+v)/p) /’ 

(6.1.2; 

where R(v 4 -/i+ 2 x) > -i, a>o and p is a + ve integer. 

(a> ;* = 1 : 

/ / e * (a;) 

= /+ 2 X 2 P/^+W 2-«>^/2 + X- 5/2 r(py 24 . v /2 + 1 / 2 +X) r(P/ 2 +v/ 2 +l+X) 

X (v 4 " X) X (f*/ 2 "i" i '/2 + o!/ 2 " 1 " X"|“ 1 ) 


V F /I, P/2+W‘^+ 1/2+X, p/2+v/2+X+l , 
X 8^*3 1+X+v, 1+X+ p/2 + v/2 + a/2 ’ 

where a>o and R(v-)- 2 X':i-P)> — 1 ). 

(b) p=2 : 




where R(tt)<l anda>o. 

(iii) P = 4n+i, cr = i; 
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( 6 . 1 . 2 a) 


( 6 . 1 . 2 b) 



Using the formula 

where Hen (x) is the Hermite polynomial, we get 


r 


^ -— p[, 

■■" e Hen {Xyf2 j J., ^ ''^x) dx 


r(v/2"f/’/24 X-t“3/4; T{vf2-hpi2-{-l 
^ ^ r(i-hx) r(i+x+F,“ £{vi 2 ^pi 2 +x- 


/ 1, ./2+i&/2+X+3/4, vj2^pl2+X^Aj^ 

^ 3^i^ + 2Vl+X, v/2+;?/2^n/2+X4-3/4, (i+X+i^)/^, .;2 + X4-^,K* 

where a>o, R(v+/^4-2X) > — and is 3, positive integer. 

(iv) p“cr-h«+iJ 

Using the formula 


where (x) is the Laguerre polynomial, we get 


/ CO 




= ( - {al2\^ + 2X r*fv/2+/>/2+ 1 /2+X±^ 

nl ^ r(i + X) r(l+X + y) TW2 t#+X- 

V F /I, v/24-/>/24-l/2+X-f®) >'/2+^V2+l/2-i-X— 

^ 3^;*+2 U +X, y/2+i»/2 + X-a-nrl/2,(l + X-i-y)M (24-^-! »)/> 


where a>o, R(v+j6+2X±‘2a) > — 1 and /» is a -f-ive integer, 
(v) ;*= 1: 

Using the relation 
I 

X,\ “ r(X)T(v+X,i 4 2x - 1 ,V ' 


we get 



€ - 


^v+2X-l,y 


iox) Wp^^(x^)dx 


= T*{v12+P!2+1 12+\±c, 

8 X(v + X) r(v/ 2 +^/ 2 +X-P+i) 

V F / '» ’'/ 2 +#/ 2 + l/ 24 -Xi;e) 

^ *''8 Vl + X, 1 +X+v, V/ 2 +// 24 -X-P +1 
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3/4) 

; -^2/4^“'* 
.,(M+X + v);/i j 

(6.5.3) 


-£r— n+i/2) ^ 
;_oa/4 \ 

,..., (/J.+X + v)/^t ) 

(1.L4) 


(6.1.5) 



where a >o and R(y4“P+ 1 +2\±cr) >o 
(vi) X = o: 

Using the relation 

Jv,o W = (*/2>J^(*V4). 

where (x) it the Bessel Maitland function, we get 

/ CO 

^v+p- 1^-9* (^aaay4) 

_ > r^(v/2+j> /2 + l/2±a) 

'r(l+v) Av/2+;./2-P+l) 

V, IT H2+P/2+l/2±or 

^^^p.+ lW2+W2-/’+l, (l+v)/p., ( 24 -v)/p.,..., p.+v)//i ’ j 

( 6 . 1 . 6 ) 

where fl>o, R(v+^+li:2a) >o 
and /* is a +ve integer. 

I am very grateful to Dr. Brij Mohan, Professor and Head of the Department 
of Mathematics, Banaras Hindu University, Varanasi, for his kind help in the 
preparation of this paper. 
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1. INTRODUCTION 

Recently, Ta Li [12] has obtained an inversion integral for integral equation 
involving Chebyshey polynomial as kernel. Similar problems with Legendre, 
associated Legendre and ultraspberical polynomials have been solved by Ruschman 
[i, 2, 3], Erdelyi [4], Higgins |7j and Widder [13]. The author [8] by the applica- 
tion of Mellin transformation has obtained inversion integrals for integral equa- 
tions involving Jacobi polynomials as kernel. The integral equations considered 
in [8J arc not singular. In this note by the application of fractional integration 
inversion integrals for integral equations, which are singular, have been 
obtained. The solutions of these integral equations are given in the form of 
singular integrals involving Jacobi polynomials. At another place [9] invciraion 
integrak for singular integral equations involving ultraspberical polynomials as 
kernel have been obtained. The results of Ta Li [12] and of the author [9] are 
particular cases of the results given here. For the purpose of this note, Jacobi 
polynomials are dchned by 

(1) — a+1; 

( 1 ) 


2. NOTATION 

Throughout this note the following notations are used 
F («, a)— (ii^— cr^)^ M («, a, — jS, o/a), 

G (a, = ^ ^ M — <2 — 1, ulo)^ 

Fi cr) f M (n, A sz/<7), 

Gj_ (s, ^ 1 

TT / \ f “ ^ 1 f 2n r . 1 

H W = I ^ j I 2^ Kt^) J, 

Hi (») = I -"* f I ® •4«4- 


Z(^.) 


Fo 


2(6-20-1, 2 n-l 




1 

f. 


*Fart of D. Sc. Thesis, Bilmr University, 1963. 
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Zj (o) - ^'i_2a-2/3. 2n 

A = 2 sin (ira)}/?:. 

3. THE OPERATOR F , n 
A. 

The fractional integral of order is defined by the equation [5, p. 181]. 

g iy> /") = r^/j Vw dx. 

We make use of this definition and introduce the operators ^ that occur ia 
this not. The operator ^ is defined by the formula 

<2)\„ {/w| -y-rr^ /; 

where n is a positive integer and X is unrestricted, x>o. 

Since « is a positive integer, by explicit computation, wc have 

t\„_, (/(.)}, 

!A.)> }-<-)” -Vm, 

(5) I /(») I = 0 for * = 1. 

4. INTEGRAL EQ.UATIONS AND THEIR SOLUTIONS 
Consider the integral equations 

(6) / F(u,<7)_)'an (u) da = <rel, n = 1, 2, 3... 

a 

and 

(7j / «Fi (w, (a) </« = ct/ 2 „ j (cr), asl, n= 1. 2, 3... 

where I ={(t : « < a ^ 1}, c>0 is a constant, /^n (a) and fiax\ {o) arc defined on I. 
It is assumed that 

(a) -1 < « <; 0, -1 < iS < 1, 
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(b) = 0 and/^W ^ (1) = 0 for 0 ^ i « 2n-l, 0^m^2n, 

piecewise continuous on I, 

We prove the following theorem. 

Theorem 1 : — Given /ga (o) and/aa+^ (<t) on I satifying the conditions (b) and 
(c), then the solutions of (6) and (7 j are given by 

(8) ym (a) = ^ Jl (“o) G (“. ») Z (o) do, 

and 

(9) J-ea+i (“) = A c 2 Gi (a, v) Zj (a) do, 
respectively, provided the condition (a) is satisfied. 


5. TWO KEY INTEGRALS 

The above theorem will be proved with the help of the following integrals 
(iOJ F (a, a) G (a, o) u du = — A'l {alof^-^ gfi [-2n4-l, a-/S4-2; 1; 

m/ 


-an 


A. 2*“Ti. r(2B) 


1) I ^ I n-i I j. 


and 


(11) J; F, (a, a) Gi («, v)udu= -A'l (c/o)*'’ aF^ [-2 b, a+i8+l; 1; 1—^] 


0 - 2 ’’ 

A.25‘“ r( 2 «-fl) 


2(«-a-;8) 




2a +2/8 


} 


for 1, — 1 < « < 0, — 1 < ^ < 1. 


This type of integrals have been evaluated by the author at another place [iO, 
11]. The integral (10) obtained by using the equations (I), (6), (8) and (10) of [lOJ^ 
Similarly the integral (11) is obtained by using (2),(7),i9) and (10) of [10], Rodrigue’s 
type formulae in (10) and (11) are obtained by using (6^ p. 102 (17)]. An outline of 
the the proof of the summation results that have been used in fiO] for evaluating the 
integrals has been given in [11], 
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6. PROOF OF THE DUAL RELATIONS 


On grounds of (a), (b) and (c) it can be shown that the integral ^ 3 ) exists 
and that the double integral 


= a/ F («, o) if {uv) G (m, 0 ) Z (b) dv ^ du 


obtained by directly substituting (8) in (6) is convergent. This double integral 
can be writien as 


J = lim £ — ^0 


cr 4-s u \ £ 


{Ud) F (m, O') G (u, jyJ Z ip) dv du 


Since the integrals are .uniformly bounded and the integrand remains finite in the 
region 


-j- ^ ^ u ^ I ) 

it is justifiable to interchange the order of integration in R. Thus we obtain 


J iim ^ 


0 A J p, Z (v) dv J 






F (w, a) G {up) u 


Since M («, — jS, M (n— 1 a— 1, ^8, w/jy) is continuous and finite in o ^ < 

0 and the integrals 

(u® — ^ p Q 

flp (7 

exist, hence one can write 

J = A X v,Z (v) dp J F («, <r) G («, v) u du, 

tr 17 

After substituting the value of the inner integral from (10), one finds that for n > 1 

I _ _ C'° /' i f j X 1*°"“ 1 (.»-»«)»« 1 1 

J 2^-1 ri 2 ») i iii[{ tdD I I ' N /I 

I ,2(n-.+#-l) |j„ 

Successive integrations by parts and the application of the operational relations (3), 
(4) and (5) then yields 



Further successive integrations by parts and the application of the conditions/ 

(1^ = 0, 0 ^ 2n- 1, finally yields 

J = Aa ''5)- 

The dual relation (7) and (9) can be verified in the same manner with the 
help of (11). 

7. ^In this section, it will be shown that Rodrigue’s formula for Jacobi 
polynomial 

(12) F (u) = (u-1 (2u-l) = {!/(„)!} fdjduf 

{ ■u-l) /‘+^| 

where n and k arc integers with 0 ^ i < n and ^ > — 1, leads to a solution of the 
integral equation 

(13 J * F (*/0 g it) dl = fix), \<x<Xo 

directly. We actually prove the theorem : 

Thecrem 2 f be absolutely continuous on ^CoUor some ;Vo > l,and 

Jim) = 0 for 0 ^ ^ then the solution of (i3) is given by 

^ ==^)! • df ] 

where n and k are integers with o ^ k ^ n and ^ — 1 . 

Praof When n - 0, clearly g^x) = / {x)lx^ | 

We shall assume n > 1. On account of (12), the integral equation (13; can be 
rc-written as 

Wef [ J .”+^. S . (,)l/ :,) 

by n repeated integratio::S, it fallows that 

/Vo"+‘>”+^ sm>^‘ 

1 i 

since the left hand side together with its first 1 derivatives vanishes when ;«=: 1. 

The above integral can be re-written as 

git) dt^ n. i\x-tf-\x-^-^jit)du 

K W 
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Differentiating n+A+i times with respect to x we finally, obtain 

<«+*)!. s w«)»+* + ‘ ( / * 

It is easy to conform tbat^ given by (14) does indeed satisfy (13) under tbe condi- 
tions on /. 
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abstract 

Id the present note, we have evaluated some infinite integrals involving the product of Bessel function 
of first kind and generalized hypergeometric functions, such as S 4 ar.d MacRobert’s E Functions whose 
\^nabk 3 are of the type where | arg | <«r, with the help of Operational Cakuluj. The 

integrals have been evaluated by the application of a theorem on Laplace Transform given caritcr by me 
[1964], In the obtained integrals, when p tends to zero, we get known result of bidelyi. A. A few integral 
representations for the Modified Bessel funciioi.' of Second kind {x) have also been obtained as their 
particular cases, which are believed to be new, 

1, The object of this paper is to evalute some infinite integrals involving the 
product of Bessel function and some other generalized hypergeometric functions by 
the application of a theorem. Some integral representations for (jf) have also 
been obtained. 

Throughout this paper^ the conventional notation 

ip) i h{t ) , 

will be used to denote the Laplace^s integral 

CO 

'(‘(p) "• j dt, 

o 

provided that R(^)>0 and the integral is convergent. 

Here we shall make use of a theorem recently 
following form, that if 


( 1 ) 


given by me [19641 in the 




* Present address ; Deutt, of Maths, University o-f Jodhpur, Jodhpur, 
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and 




then T ( ^ ‘ (/> + '") ‘ ^ K <!> (;> + ‘") dt . (2) 

i*"' i 

provided that the integral is convergent and the Laplace transforms of | A(tj | 
and ! A(t) I exist, R(v)>-l,6>0and 1 arg/ j <7r. 

Now we shall evaluate some infinite integrals by the application of the above 
theorem. 

2. Example L Taking [Saxena, 1960 p. 402 (ll)] - 

= J-=.{ p[2f-h, (l-P/2. i-P/2, P/2. -P/2 ; bpli) 

* ^ V TT 

where R(.^ ) >0 and R(^) >0. 

Therefore also 


/i(0 = j-*--P-l (i/t) 


where R(^ ) >0 and R(6}>0. 




Using the above values of ^ {p ) and f ( ^ ) in (2) and replacing b by ib^ and p 
by p\ we obtain 

1 J, (bi)sA i -P/2, l-P/2, p/2. -P/2 dl 

O - 

,v + 2 2p + 2v 


.S) 


TTb 

2^-- p,.-[-4 


valid by analytic continuation, for 
- 1, 1 argp* j < 7r,.6>0. 
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in particular, when p tends to zero, we get a result [Erdehi, \954:h, p, 421 {9)1 
Some interesting particular cases are given below 
(i) On taking P— - v, we have 

CO 

J {tt) S, (l+v/2, i+vjl, -/./2 di 

where R(v; > — 1 , j are | <77 and 6 > 0 . 


(ii) If we take l^ — i, we get integral representation for (x) 

CO 

j t^+\ f 12-31 i ^ ^ ) dt 

o 

/ * \p+''— J __ 

where R(v)> — 1, I arg I <wand6>0. 

(ili) If we also take P= — v — we get some another integral representation for 

K, (*). 

j 3/4+.v/2,5/4 + v/2,m/2> - J“/2 

%.22>'-*-7/2 

where R(v)> — I, [ arg p"^ \ <7r and 6>0, 

Example IL Taking [Saxena, 1960 p» 402 ( 11 )] 
hit) = t’' (t/ 2 i) 
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Therefore [Erdelyi, 1954a, p. 285 (65)] 

^ j-1 ^ipb-bjt j, ^^^26) 


= T(/>) , 


where R( p )>0, 


Applying (2) to the above correspondences, and replacing b by \b^ and/) by /)^, we 
obtain 

1,' + ' (60 .F, (|+:;4-'‘ ; 1- M 

o 

K [ i (6^+ (7) 

r(l+v±/i) v'7r2°-‘ V /J 

valid by analytic continuation, for 

R(v)> — 1, R(i/±2M-b3/2)>0, I arg/3^ I <7rand ^>0. 

In particular, when p tends to zero, we arrive at a result [Frdelyj, 1954, p. 420 (9)] 
Example III* Taking [Saxena, 1960 p* 402 (11)] 
h{t)^r^ (6/20 

^ (3/2-P, 1/2 + M/2-/* : : 6p) 

• '^nb 

= <6 (p) , 

where R(/)) >0 and R (p) < ^ . 

Therefore also 

^_V_1 -bit ^ ^-v-p_l g-ibjtj^ 


• /*/+’' + ! p3o r 

^13^6 


i 

-V -l>, /<•, —71 


lip) , 
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where R (/^) > 0 and R(^) >0. 

Usiog the above values of <^ ( /) ) and 'f {p) in (2) and replacing t by and p by 
we obtain 


J J, ( 


■h i-r^. 


,v t i 2y+2.o 

t If 

:os ^ 


-.23 { ^ f \ 


valid by analytic continuation, for 

R(v,>-i, R>,^’ + 2p) <5/2, I arg//- j <t and ^>3. 

Pariicalar Casts : — when p=^v 


J /”+' (;,2 + i-^ + '/^+ '• /--^ ; : 


CCS /A 77 2^ * ^ 


where R(v)> — 1, 1 arg p- \ < r and 6 >0. 

(ii) when p= — v — |, we get integral representation for .x) 

j ^ J, (iO E ) 

4^ 


2 1 i' y pi cos 


(10) 


where R(v)> — 1, [ argp*^ | <irand^>0. 


Exmple IV . Taking [Saxena, 1950, p. 402(11) 

hit) = {bit 


P— -V 

COS /^TT P - 


4>ip) > 


E (3/2-P, 1/2+/*, 1/2-/* : : 2bp ) 


where R(/) )>0 and R(P)<i. 



Therefore also 


j-v-i ,-//i 


= r7rr(/'/^) ^4 — 2 


-P — V-/- 


M/2, -/^/2 




b^Tt 

- T(i>) . 

where R(/?)>0 and R(i)>0. 

Applying (2) to the above correspondences and replacing b by and p by p\ wc 
obtain 


] /■<-' J, WE ( I 


dt 


i’-' p2;-+''-‘) 


=4“ ®4 ( "'2. -'■P ! *r/16 ) (11) 


cos 22 *' + P" 
valid by analytic continuation, for 
R(v)> — 1, 1 are/^i <n, R(v + 2P)< 5/2 and 6>0. 

In particular, when p tends to zero, we get a result [Erdelyi, 19546, p. 420(9)] 
ExampUV, Taking [Saxena, 1960, p. 402(11)] 

A(t) = ^ (6/0 


. 6* / l-p-i, i-k+m, l-k-m . . \ 

= r{^-k±m) ^ V. ■ ■ V 


where Rtp)>0 and R(1 -p+fc)>0. 

Therefore also 

^-v-l ^-blt ^ ^-v-P-1 ^-46// 


WO 

• A „P+''+3/2 p30 (A \-k \ 


T(rt. 
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’where R(p)>0- 

Applying (2) to the above correspondeaces and replacing b by and p by p®, we 
obtain 


J 4” + ^ (p»+i®) Jv E j 

(12) 


. I s A^+l — 2k 2v-|-2p-|-l on / 
m-kjzrn) b ^ P ' ' / tfih 

2V -f- 2 — 2 A 


valid by analytic continuation, for 

R(v)>-1, R(v+2P+2fc)<5/2, I arg/ | <« and 6>0. 

In particular, when p tends to zero, we get a result [Erdelyi, 1954b, p. 420(9)J 
Some interesting particular cases are given below 

(i) On taking it=0 and replacing p by P— i, we fall back upon (8). 

(ii) If we also replace P by fc—v—1, we get another integral representation for 

K (*) 


j (i<)E (2-2&+r,J-&±m.. 

o 

pi 2 k 


which on taking A=0, gives again (10) 
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The behavior of the solutions of z' A “f* ^(0 where A is a constant or a periodic matrcc 
and R {Oj integrable matrix, has been studied. The results are extended to Differential Equations 
of order n* 

Consider the differential equation x' => A x + R (t) x, where Aiaa constant 
matrix and R (<) an integrable matrix. The behavior of solutions of (1) as / -> co 
has been studied in this paper. This method has been applied in a case when the 
costant matrix A is replaced by a periodic matrix A (t). This result is extended to 
differential equations of order n when the coefficients aj are constants and when 
flj (t) are periodic functions. Q = 1, 2, ....n). 

Theorem 1:— If 

(2) (a) The canonical form of A has submatrices Jn, A g 1 

(b) r + I is the maximum number of rows in any matrix Jki A:^l, r 

00 

(c) \ R(t) \ dt < CO 
1 

(d) Xj is a characteristic root of A. 

^ t 

(«) a fundamental set for T — A y is the n functions />= e ^ 

Then a solution f if) of (1) is such that 

e~^^ * . i"’' . ? (0 « as < »-? eo 

where c is a constant vector. 

Proof of theorem 1 Let R\ } - a where R denotes the real part. The elements 
of are divided into two classes. That is 

(3) / = ri Q, s) + ra (t, s) 

where 

^ J ^ 1) 

As*'"* 

kly being constants. 
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• • ’ At 

Polynomials multiplying an exponential term in the elements of # is of 

degree not higher than r. Now let 


(3) 

To(0 = « + 0 ' 


(6) 

1 To (0 1 s ^o- • 

. and 

(7) 

f/ + 1 (0 = To (0 + 

t 

Jti (^, 


That is 


/‘ 


y, (f, ds). 


¥ 

I Ti (0 - Tc (0 I i / I ri {t,s) 11 ToWll«(j) I * 

a 

CO 

+ f 1 y* {t, s) 1! To (s) 11 R (s) 1 ds 

t 

using the inequetities in (4) and (6) 

i 

(8) I Ti (0 - To(0 I J ^ 

a 

s^\Ris)\ds 

+ iofc, liJ(i)l<i5 

t 

Simplifying the two integrals on the right hand side of (8) and usings ^5 
in the first integral we have 

(9) I Ti (0 - To (0 1 J ^ 


+ fca I / I i2 (f) I ds 

i 

CO 

s *o {h + ^ ^ 


(when a is taken large enough) 
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e'U 


pi 


CO 

Where -f* ^ 2 ) ^ ^ I i 


and by induction 


(10) I T ; ^ J I § 

So that {'fi^^^} converges imformly to a limit function <e {t) and 

(11) |P(<)! 

t 

(12) (P (f) = (i) + J (t^ (,) y ds 


00 


jf Va (<, j) ^ (*) ? ii) dt. 

t 

where (1) is defined in (5). 

(13) |f(t)-e^l* « I S 1 0 («^1^ t*“l)j 

t 

+ / I Vi (1, 5) 11 ? (^) 11 R (^) I ds 
a 

CO 

+ / I YaC^O llP(f)ll/?(^)Mr. 

t 

using (4) and (11) we obtain 

(14) !?(<)- J SIO ( ^Xj< jfc-l^l 

+ J *‘^(<-*) sr-fc+1 
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t 

(15) ^-<f‘ t~^ I 

S.-" o {.»‘ 1“-') \ 

+ 2t,t.:-' /'/+' |««i'" 

a 

CO • j 

+ 2 fc. fcg J *j R (s) I ds. 

i 

lo(^‘ i^'O* 

+ 2i^&i J 

a 

CO 

+ 2 (ii + i,) / 5’' I (0 ^ 

In the fint integral on the right hand side ^ . 

Hence from the above assumptions as ^ » co , the theorem follows. 

Theorem 2 ;— Consider the order differential equations 

(16) u * = «“+ («! + ri (0*”" 

Tj" (fln ■4“ (0 ) * “ ® 

and 

Ln* = /+ + 4-an^; = 0 

If 

(18) (a) Xj, X 2 A.S be the distinct characteristic roots of 

/(X) = x” + fli x"” ^ + .... + ° 
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W Xi has multiplicity m-, i ^ \,i, i 

(e) a fundamental set for (17) is the n functions 




CO 


id) I ^ r (<) I < CO 

i l+\ I 


0 , 1 , 
1, 2, 



(f Ij 2) • .,n — 1) 

Then a solution p (Ij of (14) is such that 

i-^co - Xi” )= 0 

(m) denotes the derivative. 


Proof oj theorem 2 In (16) let == ; xf 

{flt " 1 " (^)) ... 

vector-matrix from 


(fli + ri (0 ) ATj writing (19) in the 


( 20 ) 


A A A 

X = A X K(t) X where * is a single column vector of n rows. 

foioo 0 ■) 

A = ^ I 

! - I 

L "■ “• j 


fo 0 0 0 

I 0 0 0 0 

R(0--! 


" ^*n ^ ra,j, 


I 

J 


Since equation (20) is in the form of (1), Thcoram 2 can easily be proved 
from theorem 1. ^ t' 


Theorem 3 : — In the equation 
(21) *1 = A (t) * + R (0 * 


if 


(22) (a) A (t) is a periodic matrix with period o). 


{b) The canonical form of the 
matrix A (t) has sub-matrices Tk, K 
m any matrix Ji, K £ 1 


constant matrix B associated with the periodic 
s= 1 and r-j-l is the maximum number of rows 


(<) Xj is a multiplier associated with A (<) 
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(d) f / 1 R ((} 1 (f< < CO 

1 

(g) = A (^) Y have a solution of the form 

£* p_ (t) + O ^ 1 Pi (£) 'j 

where /?j is a periodic column vector with period ca, 
then ( 2 i) has a solution 9 {t) such that 


limit 

i > CO 


- Xj^ - k 

O -f t 


? (0 Pi ( 0 - 


Proof oj Theorem 3: — Let =A(£)Y has a solution (fundamental) of the 

ct k • 

from P (0 ^ t where <; is a constract matrix and P {i} is a non-singular periodic 

matrix with period o. 

Substituting this in Y^ = A y j Y 

(23) pi + K P + P C = A P 

Let * = P (0 Az 


( 21 ) becomes 

(24) Zi = G Z + P”i R P Z 


where C is a constant matrix. 

(24) is similar to (1). Hence applying theorem I, the result stated in 
theorem 3 is obtained 

Theorem 4 In the equations 

(25) Lo a; = *« 4- ( flj (£) + (<) ) * 4 - 

+ + ( a (£)4- r (A* = 0 

and 


(26) Ln * = «° 4 - fli (i) *“* 14 - 


-p ^ 


(f)x = 0 


ii 


(27) (a) flj (i) are periodic of period uj i = I, 2, ....n 

(h) Xj X2 - Xs arc the distinct characteristic exponent? 
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associated with aj (t) 

(c) \i has multiplicity mi 


id) 


/ CO 

1 


(» =■ 2,. 

I d/ < 03 


« J j) 


f k = 0,\ mi - 1 \ 

V ^ = 0, 1, - 1 ) 


^ = 0,1, 

(<) The fundamental set for (26) is 

(0 

where^Pi (ti is a periodic column vector with period u. 
Then a solution 9 (!) of (25) is such that 

it ( -Xj”*** )= 0 


(28) Limit 
i— >co 


fi = 1,2. 


•4Mr • • • t • • 




■j fc = 0, 1...... - 1 |- 

l^m = 0, 1, 2,^ ft - 1 J 

(m) denotes the m^'' derivative. 

Ffo«/ of theorem 4 As in theorem 2, equation (25) can be written 
vector»matrix form 


in the 


(29) 

where 


A A 

* = A (t) * + R (t) * 


^{t) 


fO 1 0 0. 

1 

|0 0 1 0 . 


•01 

I 

.0 I 

I 


L- «»• 


.-«lj 


and 


R(0 


0 0 0 
0 0 0 


.. 0 '' 

..0 


( — fn ** ••••••** 




I 240 ] 



(29/ is in the form of (21), Applying the above theoremSj the result 
follows. 

Rsmark : — As i oo , the solutions of the equations in the above theorems 

behave in a manner as if R {t) is = 0. 
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ABSTRACT 

C mi'irrriiDle research has been done on the problem uniqueness of solutions of the system 
«' =f'Ux) 

The method of succes ive approximations has been used to prove the theorems of this paoeri 
lemma . Idch has y.m used also where by the author has been used here to prove theorem 3 

paper . 

Tn this paper vve discuss the existence and uniqueness of solutions of the 
differential gysteni 

( 1 ) 

Considerable research hr^s been done on the problem of uniqueness of 
solutions of the system (1). The method of successive approximations has been 
used to prove the theorems of this paper. 

Theorm I: — If 

(2) (a) 1/(^0 1^A(0 (1+111) 

C^) 1/(4^) — /(^ ^) 1 sfc (0 I 1 

for {t, x) and (i^ Z) in R where R is the rectangle defined by 
R: 1 T I g a 1 I g b, 

where (r, is some point in the (i, x) please and a > o, b > o 

(<^) J (^> (})) 13 integrable for any continuous function then there 

exists an unique solution of (1) to which the successive approximations 
converge uniformly in the interval [r, r+aj^]. 

Proof of theortm I : — The successive approximations of (1) arc the functions 
Oof 0i given rccussively as Oq (0 = § 

r 

{k — Q, I, 2, 1 i — T j S «i) 

t 

that is j 01 (0 - ^ 1 ij / (. 0^ {s} ) ds 
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using 2 (a) we have 

:4j 1 fil («) - ^ i S (1 -r 1 J I ) j K :J) <fi 

g „L+ 1 i I :.K (i) 

where K (/) = j ^ (sj ds 


and it follows by induction 

(5) I 0a {t} - it) ! §(1+ iil) 


IK (t) ) 

n i 


1 

If will be shown that every exists on [t, r-i ^j], ^ c 


(6) and I (<) - n i (1+ U I ) - 1) 


[i £ [r, T^-^a] 

Since 0^ (t) = | equation (6) is satisfied 

(7) ! ^;. (£) - n IS Of. (t) - _ 1 ;£) I + 1 (0 - . CO 1 

+ + (0 - ^ i 

Using (5) we can easily deduce 

(8) ! (0 - 1 1 s (i+ 1 4 1 ) - 0. 

This means geometrically that all the 0^ start at (t, and stay with in a 
region 

u-i 1 £ -1) 

for t B fr, r 4- a^] 

From (5) a ad 6) it follows that the sequence is uniformly convergent 
and tends uniformly to a continuous limit function 6 which is a solution of (|) 
on fr, for which 6 {r) = 

TAMfim 2 : - Let f s (c, /w) in Band fr,|)e D, If St and 0^ are any 
solutions of (1) On (o, b: c < t <. b such that 

h W = C’’) “ ^ 
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^roof of theorem 2: — The proof is given in [!)• 

By this theorem, 0 in the proof of theorem I is unique. 

If/ in the above theorem is defined for all x and x and for all 
t e [Ci b] and if r « [a, b] then the successive approximations converge uniformly on 
on [a, b\. 

The following Lemma is used in the proof of theorem 3. 

Lemma : — ij 

(9) 9 (t) ^ T (0 + J X {s) 6 (5) ds 

a 


where 0, YsX be real- valued continuous for pieceivese continuous) functions on a 
real t interval I : t ^ b and X (i) 7 on I then 


( 10 ) 


9 + 


t 

J X (s) (s) exp 


a 



a 


ds 


Proof of the Lemma : — This Lemma has been by the author in [2]. 


Theorem 5:— In the initial values problem 


( 11 ) -=^it)x + b{t);x{r) = § 

if T e [a, b] and if the matrix A (i) and the vector b be integrable functions of t over 
[a, b] and if 

I A (0 1 (0; \b{t)\ <k (0 

6 

where I K (t) dt < oo 
a 

Then there is a unique solution Q over [a, b] in the sense that 0 e c and 

( 13 ) (0 = ^ + J ^{ 5 )e{s)ds + I b {s) ds on [a, b\. 

f . T 

Proof of Tkmm 3:— Let 0^ (i) = I 

t 

(14) and 6 ^ j (<) = t + j A (j) dj [s) ds + i b (s) ds 

r T 


I 244 J 





1 s (0 - y,-_ 1 > = I ‘ ^ ‘ 'V - ‘ ‘ 


using the inequalities in (12), (15) yie;d: 

t 

f 

(16) 


1 (0-1 1 ^ J I A (5) I i| ■! * -f J I * 

7 ' 

g (1+ 1 ;; i ) K. t) 

where K (0 = ^ 


I ss 


and similarly 
(17) 


1 Bu (0 - ^=-1 1 ^ <^+ I ^ I 


■f rv#=r T/z If this holds for all < & theo 

Hepccflj converges unifo j> ^ may be taken as o=. A similar case 
the solution exists over [(*, bJ^ ® ^ Then 

It the left end point. Let Bj converges to 6 (0- Then 


t 

(18) 9 (0 = ^ / A (j) ^ (^ ■ j ® W 


(ij 


Now it will be shown that B (0 is unique. 

Let ? (0 l>e another solution of (1) 

Then we have ^ 

(19) Y (0 = ^ + / A (s) T (0 + J * 


is 


Hence | 0 (0 - T (0 1 ^ ° * 1 0 (0 - f i 

T 

That is 

rt 

(20) P lO = ® "t ) K. (j ) ^ (0 


where p (t) = U ^0 - T (0 I 
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Applying the Lemma (above), we get the result of Theorem 3. 

Here the convergence of the successive approximations imply uniqueness 
holds good, a through it is not always applicable. 
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CERTAIN RELATIONSHIPS BETWEEN VARIOUS TRANSFORMS 

By 

D. G. GOKHROO* 

Deptl . of Mathematics, Melaviya Regional Engg. College, Jaipur 

[Received on 30th October, 1964] 

ABSTRACr 

The purpose cf this note is to study a few reiationsbips existing between Laplace, Meikr Sticlties 
and Hankel transforms in the form oi taeorems and sequences- ^tost of the results given earlier bv 
Saxena (1959) fohow as their particular cases. An infinite integral has also been evaluated with 
the help of the theorem. 

1. Introduction:— A functioa ^ (p) is called the generalized Sticltjes transform 
of h {I 'j of order X, when they are connected by the relation 

cc 

^ iP) = P j ip+t.~^ !i{t) dt, 

D 

provided the integral is convergent and | arg p \ 

The object of this paper is to obtain certain relations between Laplace, 
Meijer, and generalized Stieltjes transform with that of Hankel transform. The 
results proved are quite general and include as particular cases, certain theorems 
given earlier by Saxena (1959). 

The transforms which will be required in our investigation later on are: 

(i) the Laplace transform defined by 

00 

<i>ip) ^ p j HO dt, ( 1 ^) 

O 

vii) the Meijer transform by 

00 

9 I.D) = /~p i (PO iO dl, (1.3) 

and (iii) the Hankel transform by 

CO 

p{p)=pj W- (1.4) 

o 

(1.3) reduces to (1.2) when v = ±^ on account of the well known identity 

’^Present Address : Department of Maths., University of Jodhpur, Jodhpur. 
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Throughout this paper, we shall represent (1.1), (5.2), (1.3j and (1.4) 
[espectiveiy by 


4> ip) = h{t), <^>(o) = A(0. 

X • 


•j>{p)^h (0 and <j> (p) Lh (t) 


( 1 . 6 ) 


2. The following results will be required in the sequel. 


a ~ 1 

X G^g 


y \ (2^) 


x_l Sdg + y/2-8/2+1 ^ 

n o 


f n s 

.l+iT— X pja+n, rj8+n / _> £ 


A (^5 (^> A i—o-). A (^> ■*' ^ y ) 

A {s; ^i) ..A (^; ). A t.n; x--(r), zx Cs A (^; ) 

where n and s are +ve integers, and > h (r+g), 

1 arg .2 1 < (a + — Jg) tt, | arg p 1 <7r, o s ^ ^ o ^ ^ ^ 

R I* n/5 mm J > R (-o*) > R n /5 — X— n/i J 

[ j=l,2-....ar ] [/=l,2.......i8] 

and the symbol A denote the set of papameters 


(2.1) 


respectively. 


This follows from Saxena’s iormula [1959, p. 341 (10)] on using the property 
of the G-Function due to Saxena [1960 p. 401 (7)] 

Now we below give some interesting particular cases of (2.1) obtained by 
giving suitable values to its parameters. 


In what follows n and s are 4“ve integers, and 


a--l 

i 


K 


V 


( 



S (27r)('-^-=^”> 
x“ r (X) 


(2n) 


X-1 


1 +cr— X 
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^2s+2n.2n i /« j (2«; I — ) 

V-Trt„ n . j I T - - 

\ (2.0 


'2n, 2f+2n ^ | A (i:±»'/2), A (2n; \~o) j ’ 

where R (<r-«/r v) > o, | arg o 1 <:r 


(2.2) 


,-l - 1.//* „ s „X-1 


't, m ' y TpC) 

-n, n / 
n, 25-{-n ^ 

R (/>) > o, R [<T + n/^ (4±»*)J > o and | arg a | < -/2 


r}2j+n. 

i+n. 


j A (n; 1-0. A (y> 1-0 

A(^;%i«). A (n;x-0 


(2.3) 


In addition to thesej the following results [5, 1964b] and [4, 1961-flj will also 
be required. 


^2„) (25)^ A 

V T{\)a 


^2s, 2s 

2s+2n 


^2s pn 


( 2 «) 


,2« 


A (2s; 1) 

A (2^; X). A 


(«; 


, 2ff4:2v4-l 


where R ip) > o. 2s>n, l arg a® 1 < (2s -n) :r , 
R (bX± '»'--so^+3/2s) > 0. 


K (2x) 

312 -n- 

V 

r (\) 

,2s-^2n, 2s 

( 

'2s, 2s^2n 

\ (2n)‘ 


A ( «; —4^- ) . A (2s: 


where | arg a | <'’r, R (O > R (Pi ‘’0" 3/2) > o. 

3. Theorem J. If 

<l>ip)^ h it) , 

s _ j/n p_l - , //n\ 

Y iP) ‘ e I ) , 


and 

then 


i2-rr)^l^ ^ T . .-xP— 1 


r (X) 
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j (t+O' 


(2.4) 


(2.5) 


(3.1) 


f ()>) = 



pj 'rtt, S / />* jl- j -bf 


A (*; i) 

Ia («; i-p). A(i; 


A U) d( , (3-2) 


provided that the integral is convergent and the Laplace transform of 1 A (/) | and 

the generalized Stieltjes transform of 1 ^ ^ ) 1 exists, 

R (p) > o, R (p+fc) > o and R (l-P) > o. 

Pfoof ". — Taking [Saxena 1960, p. 401 (17)] 

-bl _ 

■ (X) 

A 

I A («; 1- 


— VI- , 

^ I 


WJJ* O L - ' * 

-p ( gx j-p 

\ ) • r (X) 

], 

»; l-P). A(^; X)/ 


+ s / a (/' + A) 

®s.5+n ' 


(3-3) 


where R {p^b) > o 1 arga 1 <* R(l“P) > o- 

Applying Parseval Goldstein theorem (3. p. 105) of the Operational Calculus to 
(3.1) and (3.3), we obtain 

CD % -X /o %3/2 ■■ «/2 - s oX — P 

/ ( “+'■") * r(x) 7 

o 

f (t+6)'’"^ 0^+;?* ) hit) it 

J j r.r+n „„ I A(n;l-P).A (^JX)/ 

the theorem follows immediately from above on multiplying both sides by a and 
replacing a by p. 

Cot. I. When s=l the theorem takes the following form 

If 4 (;>) = A 0 , 


then 




((i+t/- ‘ E [ A (»; i-f), ^ ^ f 

ri,x)^x-i j L 




h {t)dt , 


(3.4) 
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provided that the integral is convergent and the Laplace transform of \ h {t} \ 

ft 1 J/ 

and the generalized Stieltjes transform of ^ 

R (p+fi) > o. 

Cor. 11. If we taken=s = l, and = P = i+A— v the G-Function of 

n 9^ dcs'encrates into a Whittaker function [Erdelyi 1954b, p, 535jJ and we get the 
tWcm given by Saxena [1959, p. 344] 

ExompU 1. Taking from (2.3) 




X 

\ f 

s+n, 2n+s ^ „« j ^ A (J; v) / 

where R [n <r + * (ii*”] > o, R (p) > o. 
therefore from Saxena [1961, p. 41 (17)] we have 

. A« ~P-nlsa-l i-l-m, i-l—m 

T4nbr>-W"‘ 

where R (I— P— ^ (p) 

Applying theorem I to the above relations, we obtain 

03 , 1 « 1 - i — lim 

( '"/""('+*/" l»Fi [ , 4] 

m 

. I « A («: P), A (^; i- 

qJ. s-^n I n 

s+«, r \ (r + 6^" A (j; o) 


dt 


T (\-l~P-r>{s o)p'' ^ (Tpn+s,s / a" P* 

G^+„.2n + s 


A (^; i-v). A («; i-0 

A (**5 4i®)» A (^5 
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where R (I— p— n/j <y) > o, R a ±^) > o, R {p) > o, R {b) > o. 

In particular if we taken = ^=l, and v, X = ^— v, "and 

we get the result obtained by Saxena [ 1959, p. 345 (22)] 

Theorem IL If (p) h (1) 


and 


■t « = £ ‘ t { .'/») , 


then 


5 , 


P ^ 


A 


<p X dt , 


(3.6) 


r9^Nl(l+«-~25) pfj .X- 1 05 

IW= — ri-"(.+4)' 

r()L) /A-i J - ' 

{^;i) ■ \ 

(»; A («;>) / 

provided that the integral is convergent and the Laplace transform of \ h{l)\ 

and the generalized Stieltjes transform of j ^ ■" | exist, 

R (p+b) > 0,2s > ft, and R (i+«^ — sp) > o. 

Pfooft The proof is similar to that of theorem I, if we use [Saxena 1961, 
P. 41 (18)] 


/ ( «+/'* ) = p.)* / - 1 


r (X) 


s 


S ft 
a t 


I ft„ 


A(^; 1) 

A-(^; X), A 0 


n; p) } 


(3-7) 


R (s+nX — sp) > o, I arg | < ^ (2 j — • ft) tt and 2^ > ft 

insted of (3.3) 

Got i. On putting fi = 5= I, the theorem can be enunciated as follows: 
If <#>(?)-* (0 , 


and 



P 




— ht 
e 


h{t) , 
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then 

00 X \ 

(3.8) 

provided that the integral is convergent, and the Liplace transform of | h{t) \ 

and the generalized Stieltjes transform of ] ^ e h {t) j exist, 

R (p+X) > o, R (l+X) > o. 

Also on taking P — I in (3.8) we arrive at an interesting result, that if 
4> (p) == h (t) , 


andT(/) = « , 

\ 

provided that R (X) 7 o and R (p+^) V o 

4 . Theorem in. If <#> (/i) ^ ^ . 

V 


(3-9) 


(4.1) 


then 

lip) 


(2^)" {^sf " ^ r I n2i, 2 j 


r(X);. 


X-l 


/ 


2j,2i + 2n 




C2n) 


2n 


A (2i; 1) 


A (2^> X), A ( ^5 


2iy4:2v*4"l 


)) 


<#« (0 A . 


(4-2) 


provided that the integral is convergent and the Meijer transform of 

I ) I and the generalized Stieltjes transform of | 

/(t) I exist, R {p) 7 o, 2f 7 w, R (n\4zsv — sa + S 12s) 7 o- 

Proof: Applying Goldstein theorem in case of Xfeijer transform [Sharma 62] 
to (4,1) and (2.4) and changing « to p, we get the theorem stated. 
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Ccf L when v the theorem can be stated as follows; 


If W -- 1' / ( ) 


MdT(;.) 1 W" '/(O , 

X 




lip) = 




T(\)p 


X- 1 


CO 


1 — <T 


p25, 2s 
^2s, 2s + 2n 


\ (2n)2” 


A (2*; 1) \ 


provided that the integral is convergent, and the Laplace transform of | | 

and the generalized Stieltjes transform of ] ^ ^ ^ V (0 I «ist, 

R (p) > o, 2r > n, R (2nX±5 - 25a + 35) > o. 

Some particular cases of the above corollary are worth mentioning:— 

(i) whenn=l, 5=2, P = o and <7=1, the G-Function of (4.3) degenerates 
into a parabolic cylinder function lErdelyi [I954i, p 392] and it gives the theorem 
[Saxena 1959, p. 43]. 

(ii) On the other hand if n = 5=l and P = 1 — P-, a=^, then the G-Func- 
tioaof(4. 3) breaks up into by virtue of [Erdelyi 1954<j, p. 384) and wc get 
another theorem due to Saxena 1959, p. 347] 

Also if ft =* I, we find that 


If 4>ip) ^ h (t) , 


l(p) = h (0 , 

A. 


. ,X— 2 

then T(p) = <^(0 , 

provided that R (X) > o and R (p) > o. 
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(4.4) is a particular case of (3.9) whea 6— »a. 

(iti) lastly if we take P = 1+2/a, o=l — 2/a and also let n tends to 2 and s 
tends to 1, the G-F unction in (4.3) again breaks up into by virtue of[Erdelyi 
1954+ p. 384). 

Also on taking /a = o and X«=v+4, we obtain that 


If 9(P) = . 

« 

S 

and T(P)^=/(^; 


then 


P'' h(p'-) 


1 r (v+i)2^+^ 
V r (2y+l) 


^v-3/2 


<P(0 . 


(4.5) 


provided that R (2v+0 > o and the integrals involved converge absolutely and 
uniformly, p > o. 

T hmm IF. If ip) = f (0 i 

V 




and ' 
then 

T(P) 


(2^)^^^" ~ ” (2«) (2J)^ ^ ^ f ~ 


r(X) 


Q2i+2R,2r / f2«i A (2 j; 1) \/a)dt 

°2.. 2.+ 2« [ ^>r\ ^ ( ,, 3+2t|^.i^ ^ ^ „ I /(') . 


(4.9) 


provided that the integral is convergent and the Meijer transform of | j (l) \ 
and the generalized Stieitjes transform of | ^ ^ (j^/“) ( exist, 

R (P±v+3/2) 7 o, R (p) 7 o. 

Pfoq/:— Apply Goldstein theorem in case of Meijer transform to (4’8) and 
and (2*5) and changing a to we arrive at the result stated. 
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